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viFIedaHRsay³ eyIgtag³ ( ) 0f xt a= > enaHsmIkareTACa³ 
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viFIsaRsþTI3³smIkarrag³ 
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b
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eyIgtag³ ( ) ( )( )1 2; 0 0f x f xt a t t a= > = > eday 
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t
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( )
1
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2 ; 0, 0f xv a u v= > > eK)an³

. 1
u v
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aì + =ïïíï =ïî
rYceyIg 

edaHRsayrktMélrbs;u nigv . 
viFIsaRsþTI5³smIkarrag³ x x xa b c+ =  

Edl , , 0; , , 1a b c a b c> ¹ eyIgkMnt;cMNaMfa³ 2 2 2a b c+ = (mann½y 
fa , ,a b c CargVas;RCugrbs;RtIekaNEkgEdlmanc CaGIub:Uetnus). 

eyIgEckGgÁTaMgBIrnig 0xc > eK)an³ ( )1 *
x xa b

c c
æ ö æ ö÷ ÷ç ç+ =÷ ÷ç ç÷ ÷ç çè ø è ø

 

eyIgsegáteXIjfasmIkarmanrws³ 2x = edayehtufa³ 
2 2 2 2

2 1a b a b
b c c

æ ö æ ö +÷ ÷ç ç+ = =÷ ÷ç ç÷ ÷ç çè ø è ø
eyIgnigRsayfasmIkarmanrws 2x = Et 

mYyKt;. 
viFIedaHRsayTI1³eyIgeRbIvismPaBmkedaHRsaydUcxageRkam³ 

+ebI 2x < enaHeK)an³ 
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 enaH 2x < minEmnCarwsénsmIkareT. 
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+ebI 2x > enaHeK)an³ 
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  enaH 2x > minEmnCarwsénsmIkareT. 
  eyIgGacsnidæan)anfa³manEt 2x = b:ueNÑaHCarws. 
viFIedaHRsayTI2³ eyIgnigeRbItamlkçN³énGnuKmn¾³ 

dMbUgeyIgtag³
x xa by

c c
æ ö æ ö÷ ÷ç ç= +÷ ÷ç ç÷ ÷ç çè ø è ø

EdleyIgsegáteXIjfa³ y CaGnuKmn¾ 

cuHdac;xageRBaH³ 0 ; 1a b
c c

< < k¾b:uEnþsmIkaredImKw³ 

 1
x xa b

c c
æ ö æ ö÷ ÷ç ç+ =÷ ÷ç ç÷ ÷ç çè ø è ø

mann½yfa³ 1y = EdlCaGnuKmn¾efr. 

tamkrNITaMgBIreyIgsegáteXIjfa³ExSekagtagGnuKmn¾TaMgBIrkat;Kña 
EtmYyKt;manGab;sIus 2x = . dUcenH 2x = CarwsEtmYyKt;ésmIkar. 
viFIedaHRsayTI3³ kareRbIGnuKmn¾RtIekaNmaRtmkedaHRsay³ 
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c c

edaysin a nigcosa énmMuNamYyk¾)an³ 
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  ebIeyIgtag³ sin cosa b
c c

a a= Þ = eRBaH³ 2 2cos 1 sina a= -  
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viFIsaRsþTI6³smIkarrag ( ) ( ) ( ) ( )1 0; 1f x g x h xa a a a a+ = + > ¹  
viFIedaHRsay³ eyIgtag³ ( ), 0f xu a u= > nig ( ), 0g xv a v= >  

( ) ( ) ( ) ( ) ( ). .f x g x f x g x h xu v a a a a+Þ = = = dUcenHsmIkareTACa³ 

               ( )
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1
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1 1 0
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viFIsaRsþTI7³smIkarrag³ ( ) ( ) ( ) ( )1 0; 0f x g x h xa a a a a+ = + > ¹  
cMeBaH³ ( ) ( ) ( )f x g x h x- =  
vIFIedaHRsay³eyIgtag³ ( ), 0f xu a u= > nig ( ), 0g xv a v= >  

eK)an³
( )

( )
( ) ( ) ( )

f x
f x g x h x

g x

u a a a
v a

-= = = dUcenHeK)ansmIkareTACa³ 
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u vu v
v

u v
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         11 0
v

Þ - = eRBaH( )0u v+ >  

         1vÞ =  
          ( ) ( )1 0g xa g xÛ = Þ =  
viFIsaRsþTI8³smIkarrag³ ( ) ( ) 1

m x
A xé ù =ë û  

viFIedaHRsay³cMeBaHsmIkarRbePTenHeyIgRtUveFVIeTAelIBIrkrNICa
kar  caM)ac;³ 
dMeNaHRsaytamkarTieton³cMeBaHkrNIenHeyIgGacsresr³ 

            ( )

( )

A x = 1
m x ½mann y

ìïïíïïî
 cMelIy( )1  

dMeNaHRsaysmIkarGiucs,:ÚNg;Esül³tamkrNIenHeK)an³ 
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( )
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0

0

0

ì >ïïïï ¹íïïï =ïî

A x

A x

m x

 cMelIy( )2  

cMelIysrubKWcMelIy³ ( ) ( )1 2È . 
viFIsaRsþTI8³smIkarrag³ ( ) ( ) ( ) ( )f x g x

a x a xé ù é ù=ë û ë û  
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viFIedaHRsay³cMeBaHsmIkarRbePTenHeK)an³ 

            ( )
( ) ( ) ( )

0

1 0

a x

a x f x g x

ì >ïïïíï é ùé ù- - =ï ë ûë ûïî
 

   
 
 
          cMeBaHkrNITI1³ cMeBaH 1a >  
viFIsaRsþTI1³vismIkarrag³ ( ) ( )f x g xa a> ebI 1a >  
viFIedaHRsay³ eyIgGacTaj)anfa³ ( ) ( )f x g x>  
viFIsaRsþTI2³vismIkarrag³ ( ) ( )f x g xa a³ ebI 1a >  
viFIedaHRsay³eyIgTaj)anfa³ ( ) ( )f x g x³  

 
   cMeBaHkrNITI2³ebI0 1a< <  
viFIsaRsþTI3³vismIkarrag³ ( ) ( )f x g xa a<  
viFIedaHRsay³ eyIgTaj)an³ ( ) ( )f x g x>  
viFIsaRsþTI4³vismIkarrag³ ( ) ( )f x g xa a£  
viFIedaHRsay³eyIgTaj)an³ ( ) ( )f x g x³  
viFIsaRsþTI5³ebIU CaGnuKmn¾EdlmanGBaØatiNamYyenaHcMeBaHsmI

kar Edlmanrag³ ( ) ( ) ( ) ( )f x g xU x U x> eK)an³ 

cMeBaHvismIkarGiucs,:ÚNg;Esül
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viFIedaHRsay³cMeBaHvismIkarenHeyIgRtUvedaHRsaytamrebobxage
RkamenH³ 

                      ( )
( ) ( ) ( ) ( )

0 1

1 0 2

U

U f x g x

ì >ïïïíï é ù- - >ï ë ûïî
 

 dUcenHcMelIyrbs;vismIkarKWCaRbsBVrvag³ ( )1 nig( )2 . 
viFIsaRsþTI6³vismIkarrag³ ( ) ( )f x g xU U³  
viFIedaHRsay³cMeBaHvismIkarenHeyIgRtUvedaHRsaytamrebobxag 

eRkamenH³ 

               ( )
( ) ( ) ( ) ( )

0 1

1 0 2

U

U f x g x

ì >ïïïíï é ù- - ³ï ë ûïî
 

 dUcenHcMelIyrbs;vismIkarKWCaRbsBVrvag³ ( )1 nig( )2 . 
viFIsaRsþTI7³vismIkarag³ ( ) ( ) 1f xU x <  
viFIedaHRsay³ cMeBaHvismIkarenHeyIgRtUvedaHRsaytamrebobxag   

eRkamenH³         ( ) ( )

( )
( )

1 0
0

0
1 0

0

U
I

f x

U
U I I
f x

éì - >ïïêíêï <ïêî
êìêï >ïêïïê - <íêïïêï >êïîë

 

dUcenHcMelIyénvismIkarKWCaRbCMurvag³( ) ( )I U II . 
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viFIsaRsþTI1³smIkarrag³ ( ) ( )lga f x g x=  
viFIedaHRsay³cMeBaHsmIkarenHviFIedaHRsayRtUveFIVdUcxageRkam³ 

                           ( )
( ) ( )

0; 1
0

g x

a a
f x

f x a

ìï > ¹ïïïï >íïïï =ïïî

 

viFIsaRsþTI2³smIkarrag³ ( ) ( )lg lga af x g x=  
viFIedaHRsay³cMeBaHsmIkarenHviFIsaRsþRtUveFVIdUcxageRkam³ 

                            ( ) ( )
( ) ( )

0; 1
0; 0

a a
f x g x

f x g x

ìï > ¹ïïï > >íïïï =ïî

 

 
 
viFIsaRsþTI1³vismIkarrag³ ( ) ( )lg lga af x g x³ cMeBaH³ 1a >  
viFIedaHRsay³cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

k,ÜnTI4cMeBaHsmIkarnigvismIkarelakarIt 

cMeBaHvismIkarelakarIt 

 cMeBaHsmIkarelakarIt 
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( )
( )
( ) ( )

1
0

0

a
f x

g x

f x g x

ì >ïïïï >ïïíï >ïïïï ³ïî

 

viFIsaRsþTI2³vismIkarrag³ ( ) ( )lg lga af x g x³ cMeBaH0 1a< <  
viFIedaHRsay³ cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

            
( )
( )
( ) ( )

0

0

f x

g x

f x g x

ì >ïïïï >íïïï £ïî

 

viFIsaRsþTI3³vismIkarrag³ ( ) ( ) ( ) ( )lg lgg x g xf x h x>  
viFIedaHRsay³ cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

            

( ) ( )
( )
( )
( ) ( ) ( )

0; 1

0

0

1 0

g x g x

f x

g x

g x f x h x

ì > ¹ïïïï >ïïíï >ïïï é ùé ùï - - >ï ë ûë ûî

 

viFIsaRsþTI4³vismIkarrag³ ( ) ( ) ( ) ( )lg lgg x g xf x h x<  
viFIedaHRsay³ cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

            
( ) ( )
( )
( )
( ) ( ) ( )

0; 1

0

0

1 0

g x g x

f x

g x

g x f x h x

ì > ¹ïïïï >ïïíï >ïïï é ùé ùï - - <ï ë ûë ûî
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viFIsaRsþTI5³vismIkarrag³ ( ) ( ) ( ) ( )lg lgg x g xf x h x³  
viFIedaHRsay³ cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

                           

( ) ( )
( )
( )
( ) ( ) ( )

0; 1

0

0

1 0

g x g x

f x

g x

g x f x h x

ì > ¹ïïïï >ïïíï >ïïï é ùé ùï - - ³ï ë ûë ûî

 

viFIsaRsþTI6³vismIkarrag³ ( ) ( ) ( ) ( )lg lgg x g xf x f x£  
viFIedaHRsay³ cMeBaHvismIkarenHviFIedaHRsayRtUveFVIdUcxageRkam³ 

      

( ) ( )
( )
( )
( ) ( ) ( )

0; 1

0

0

1 0

g x g x

g x

f x

g x f x h x

ì > ¹ïïïï >ïïíï >ïïï é ùé ùï - - £ï ë ûë ûî

 

viFIsaRsþTI7³vismIkarrag³ ( ) ( )lg 1A x f x <  
viFIedaHRsay³ 

cMeBaHvismIkarenHeyIgRtUvedaHRsaytamrebobxag eRkamenH³ 

    

( )
( )
( )
( )
( )
( )

( )

1 0

0

0

1 0

A x

f x

f x I
A x

f x
A x

ì - >ïïïï >ïïïïïï >íïïïïïï - <ïïïïî

b£       

( )
( )
( )
( )
( )

( )

0

1 0

0

1 0

A x

A x
IIf x

f x
A x

ì >ïïïï - <ïïïï >íïïïïï - >ïïïî
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   dUcenHcMelIyénvismIkarKWCaRbCMurvag³( ) ( )I U II . 
 
 
viFIsaRsþTI1³smIkarrag³sin sinx a=  
viFIedaHRsay³cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 

                 2
2

x a k
x a k

p
p p

ì = +ïïÞ íï = - +ïî
 

viFIsaRsþTI2³smIkarrag³cos cosx a=  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
         2x a kpÞ = ± +  
viFIsaRsþTI3³smIkarrag³ tan tanx a=  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 

         
2

x a k

x k

p
p p

ì = +ïïïÞ íï ¹ +ïïî

 

viFIsaRsþTI4³smIkarrag³cot cotx a=  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 

k,ÜnTI5³karedaHRsaysmIkarRtIekaNmaRt 
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         x a k
x k

p
p

ì = +ïïÞ íï ¹ïî
 

viFIsaRsþTI5³smIkarrag³ ( )sin 0 0a x b a+ = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgmansmIkar³ ( )sin 0 0a x b a+ = ¹ eyIgTaj)an³ 

sin bx
a

Þ = - bnÞab;mkeyIgtag³ ( )sin ; 1 sin 1b
a

a a= - - £ £  
enaHsmIkareTACa³sin sinx a= edaHRsaytamviFIsaRsþxagelI. 
viFIsaRsþTI6³smIkarrag³ ( )cos 0 0a x b a+ = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgmansmIkar³ ( )cos 0 0a x b a+ = ¹ eyIgTaj)an³ 

cos bx
a

Þ = - bnÞab;mkeyIgtag³ ( )cos ; 1 cos 1b
a

a a= - - £ £

enaHsmIkareTACa³cos cosx a= edaHRsaytamviFIsaRsþxagelI. 
viFIsaRsþTI7³smIkarrag³ ( )tan 0 0a x b a+ = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgmansmIkar³ ( )tan 0 0a x b a+ = ¹ eyIgTaj)an³ 
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tan bx
a

Þ = - bnÞab;mkeyIgtag³ tan
2

b k
a

pa a p
æ ö÷ç= - ¹ + ÷ç ÷çè ø

enaH 

smIkareTACa³ tan tanx a= edaHRsaytamviFIsaRsþxagelI. 
viFIsaRsþTI8³smIkarrag³ ( )cot 0 0a x b a+ = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgmansmIkar³ ( )cot 0 0a x b a+ = ¹ eyIgTaj)an³ 

cot bx
a

Þ = - bnÞab;mkeyIgtag³ ( )cot b k
a

a a p= - ¹ enaH 
smIkareTACa³cot cotx a= edaHRsaytamviFIsaRsþxagelI. 
viFIsaRsþTI9³smIkarrag³ ( )2sin sin 0 0a x b x c a+ + = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgtag³ ( )sin 1 1y x y= - £ £ enaHsmIkareTACa³ 

2 0ay by c+ + = rYceyIgedaHRsaysmIkarenHedayeRCIserIsEtrws 
NaEdlepÞogpÞat; 1y £ . 
viFIsaRsþTI10³smIkarrag³ ( )2cos cos 0 0a x b x c a+ + = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgtag³ ( )cos 1 1y x y= - £ £ enaHsmIkareTACa³ 
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2 0ay by c+ + = edaHRsaydUcviFIsaRsþxagelI. 
viFIsaRsþTI11³smIkarrag³ ( )2 0 0atg x tgx c a+ + = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgtag³ y tgx= enaHsmIkareTACa³ 

2 0ay by c+ + = edaHRsaydUcviFIsaRsþxagelI. 
viFIsaRsþTI12³smIkarrag³ ( )2cot cot 0 0a x b x c a+ + = ¹  
viFIedaHRsay³ 

cMeBaHsmIkarenHeyIgeRbIdMeNaHRsaydUcxageRkam³ 
eyIgtag³ coty x= enaHsmIkareTACa³ 

2 0ay by c+ + = edaHRsaydUcviFIsaRsþxagelI. 
viFIsaRsþTI13³smIkarrag³ cos sina x b x c+ = EdleyIgdwg

fa³( ), , 0a b c ¹ ehIy 2 2 2a b c+ ³ . 
cMeBaHviFIedaHRsayeyIgGacedaHRsay)antamBIrrebobxageRkam³ 
viFIedaHRsayTI1³kareRbIviFIRtIekaNmaRt³ 

eyIgEckGgÁTaMgBIrnig a rYctag³
2 2

b tg
a

p pa a
æ ö÷ç= - < < ÷ç ÷çè ø

eBlenaH 

smIkarcos sin cos sinb c cx x x tg x
a a a

a+ = = + =  

  cos cos sin sin coscx x
a

a a a+ =  
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  ( )cos coscx
a

a aÛ - = sn μtyk³ cos cosc
a

a l=  
  ( )cos cosx a lÞ - = eyIgedaHRsaysmIkarenHCakareRsc 
viFIedaHRsayTI2³kareRbIGBaØatCMnYyrwviFIBICKNit 

eyIgtag³ ( ); 2 1
2
xt tg x k= ¹ + enaHeyIg)an³

2

2

1cos
1

tx
t

-=
+

nig 

2

2sin
1

tx
t

=
+

enaHsmIkarxagelIweTACa³

( ) 2 2 0a c t bt c a+ - + - = eyIgedaHRsaysmIkarenHeyIg)anrws 
BIrKw 1t nig 2t .eyIgtag³ 1 1

2 2

t tg
t tg

a
a

ì =ïïíï =ïî
eBlenaHeyIg)an³ 

+ebI 1 12 2
2
xtg tg x ka a p= Þ = +  

+ebI 2 22 2
2
xtg tg x ka a p= Þ = +  

viFIsaRsþTI14³smIkarrag³ 2 2sin sin cos cosa x b x x c x d+ + =  
eyIgedaHRsaysmIkarenH)anBIrrebobxageRkam³ 
viFIedaHRsayTI1³ eyIgKuN d nig( )2 2cos sinx x+ eRBaH 

2 2cos sin 1x x+ = enaHeyIg)ansmIkarkareTACa³ 
2 2 2 2sin sin cos cos sin cosa x b x x c x d x d x+ + = + eyIgEck 

GgÁTaMgBIrnig 2cos x Edl cos 0x ¹ enaHeK)an³ 
( )2 2 2 0atg x btgx c dtg x d a d tg x btgx c d+ + = + Û - + + - =  

eyIgtag³ t tgx= enaHsmIkarxagelIeTACa³ 
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( ) 2 0a d t bt c d- + + - = edaHRsaysmIkarenHdUc13. 
viFIedaHRsayTI2³eyIgCMnYs

2 21 cos 2 1 cos 2sin ;cos
2 2

x xx x- += = ehIy sin2sin cos
2

xx x =  
enaHsmIkarxagelIeTACa³ ( )sin 2 cos 2 2b x c a x d a c+ - = - -  

( )cos 2 sin 2 2c a x b x d a cÛ - + = - - edaHRsaydUc13. 
viFIsaRsþTI15³smIkarrag³ ( )sin cos sin cos 0a x x b x x c+ + + =  
viFIedaHRsay³eyIgtag³ sin cosy x x= + enaHeK)an³ 

2 1sin cos
2

yx x -= CMnYscUlsmIkarxagelIeyIg)an³ 

( )2 2 2 0 ; 2by ay c b y+ + - = £  

viFIsaRsþTI16³smIkarrag³
sin

1
x m

m

ì =ïïíï £ïî
 

viFIedaHRsay³cMeBaHsmIkarenHeyIgTaj)an³ 
( ) ( )1 arcsinkx m k k IZpÛ = - + Î  

viFIsaRsþTI17³smIkarrag³
cos

1
x m

m

ì =ïïíï £ïî
 

viFIedaHRsay³cMeBaHsmIkarenHeyIgTaj)an³ 
( )arccos 2x m k k IZpÛ = ± + Î  
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viFIsaRsþTI18³smIkarrag³ tgx m
m IR

ì =ïïíï Îïî
 

viFIedaHRsay³cMeBaHsmIkarenHeyIgTaj)an³ 
( )x arctgm k k IZpÛ = + Î  

viFIsaRsþTI19³smIkarrag³ cot gx m
m IR

ì =ïïíï Îïî
 

viFIedaHRsay³cMeBaHsmIkarenHeyIgTaj)an³ 
( )cotx arc gm k k IZpÛ = + Î  

 
 
lkçN³TI1³eBleyIgeXIjmansmIkar³ 

2 2 2 0A B C+ + = eKTaj)an³
0
0
0

A
B
C

ì =ïïïï =íïï =ïïî

  

lkçN³TI2³ebI
A B

A m
B m

B m
B m

ì =ïï ì =ïïï ï£ Ûí íï ï =ïîï ³ïïî

 

lkçN³TI3³ebI
. 1

1 1
1

1 1
1

A B
A A

A
B B

B

ìï =ï ì ìï = = -ï ïï ï ï£ Û Úí í íï ï ï= = -ï ïî îïï £ïî

 

lkçNHBiessmYycMnYnénsmIkar 
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lkçN³TI4³ebI
2

1
1

1
1

A B
A

A
B

B

ìï + =ï ìï =ïï ï£ Ûí íï ï =ïîïï £ïî

 

lkçN³TI5³ebI
2

1
1

1
1

A B
A

A
B

B

ìï + = -ï ìï = -ïï ï£ Ûí íï ï = -ïîïï £ïî

 

lkçN³TI6³ebI
1 1

1
1

1
1

A B A B
A A

A A
B B

B B

ì + = +ïï ì =ïïï ï£ Ûí íï ï =ïï î£ïïî

 

viFIsaRsþBiess³mansmIkarnigvismIkarCaeRcInEdleKminGacedaH 
RsaytamviFIsaRsþdUc)anbgðajxagelIEteKedaHRsaysmIkarnig 
vismIkarTaMgenaHeTAniwglkçN³énvismPaBmYycMnYn    ´segáteXIjman 
vismPaBmYy cMnYnEdlEtgEtykmkedaHRsaydUcCa³ 
1>vismPaBkUsIu(cauchy )³ 
eyIgman³ , 0

2
a ba b ab+³ Û ³  

CaTUeTA³ebI 0; 1,2,...,ia i n³ = enaHeK)an³ 
1 2 3

1 2 3
.... ....n n

n
a a a a a a a a

n
+ + + + ³  
viFIsaRsþTI1³eyIgGacykvismPaBenHeTAedaHRsaysmIkarnigvis

mIkarmYycMnYnedaysegáteXIjfavismPaBenHkøayCasmPaBeBlEdl³ 
a b= rW 1 2 3 ..... na a a a= = = =  
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2>vismPaBbUnIj:akUvsÁI(Bunhiakouski)³ 
eyIgman³ 1 1 2 2, , ,a b a b IR" Î enaHeyIg)an³
( ) ( )( )2 2 2 2 2

1 1 2 2 1 2 1 2a b a b a a b b+ £ + +  
CaTUeTA³ebI ,i ia b IRÎ enaHeK)an³ 
( ) ( )( )2 2 2 2 2 2 2

1 1 2 2 1 2 1 2.... ... ...n n n nab a b a b a a a b b b+ + + £ + + + + + +  
viFIsaRsþTI2³vismPaBenHkøayCasmPaBeBlEdl³ 

1 2 2 2a b a b= rW 1 2

1 2

a a
b b

= rW 31 2

1 2 3

..... n

n

a aa a
b b b b

= = = = . 

3>vismPaBmInkUvsÁI(Minkouski)³ 
eyIgman³ 1 2 1 2, , ,a a b b IR" Î enaHeyIg)an³
( ) ( )2 2 2 2 2 2

1 1 2 2 1 1 2 2a b a b a b a b+ + + £ + + +  
CaTUeTA³ ,i ia b IR" Î enaHeK)an³ 
( ) ( )2 2

1 2 2 1 2

2 2 2 2 2 2
1 1 2 2

.... ....

...

n

n n

a a a b b b

a b a b a b

+ + + + + + + £

+ + + + + +
 

viFIsaRsþTI3³ vismPaBenHkøayCasmPaBeBlEdl³ 
1 2

1 2

....... n

n

aa a
b b b

= = =  

4>vismPaBEb‘nUyI(Bernoulli) 

eyIgman³ *1,x n IN" > - Î enaHeyIg)an³ 
( )1 1nx nx+ ³ +  
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viFIsaRsþTI4³vismPaBenHkøayCasmPaBeBlEdl³ 0 1x n= Ú =  
 
 
 
 
 

 
 

             
 
 
          cMelIy 

       eyIgmansmIkar³ 4 3 21. 7 6 0x x x x+ - - + =  

                    
( )( )
( )( )( )

3 2

2

2

1 2 5 6 0

1 2 4 3 0

1
1

2
2

1
4 3 0 3

x x x x

x x x x

x
x

x
x

x
x x x

Û - + - - =

Û - - + + =

é =é ê=ê ê =ê êÛ = Ûê ê = -ê ê+ + =êë ê = -ë

 

 dUcenHsmIkarmanrws³ { }3, 1,1,2x Î - - . 

lMhat;elIEpñkTI1 
 

 lMhat;TI1³ cUredaHRsaysmIkarxageRkam³
     4 3 21. 7 6 0x x x x+ - - + =  
     42. 4 1 0x x- - =  

dkRsg;ecjBIkarRblgcUlmhaviTüal½ynigmFüm   
sikSakMritBIrevotNam 
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eyIgmansmIkar³ 42. 4 1 0x x- - =  

( ) ( )

4 2 2

2 22

2 2 4 2 1 0
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. 

 
 
 
 
                                     
                                     cMelIy 
eyIgmansmIkar³ . 1 6 5 2A x x x- = - - - -  
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         dkRsg;ecjBIviBaØaRblgsisSBUEkevotNam 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³31 

smIkarenHmann½ykalNa³
1 0

56 0
2

5 2 0

x
x x

x

ì - ³ïïïï - ³ Û £ -íïï - - ³ïïî

 

         1 5 2 6x x xÛ - + - - = -  

         

( ) ( )( )

( )( )

( )( ) ( )2 2

1 5 2 2 1 5 2 6

1 5 2 5

5 5

7 30 01 5 2 5

5
3

3
10

10

x x x x x
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dkRsg;ecjBIkarRblgcUlmFümsikSakMritBIrevotNam1970 

nigRblgcUlmhaviTüal½yEpñkGKÁisnI 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³33 

     eyIgmansmIkar³ 2
2

40. 16
16

A x x
x

+ + =
+

 

        2 216 16 40x x xÛ + + + =  

        ( ) ( )
2 2

22 2 2

2

16 24

16 24

64 576 3

x x x

x x x

x x

Û + = -

Þ + = -

Û = Û = ±

 

edaHeBl 3x = - smIkarminepÞogpÞat;enaHsmIkarmanrwsEt³ 3x = . 
eyIgmansmIkar³ 33 3. 1 3 1 1B x x x+ + + = -  

           

( )
( )

( )

( )( )( ) ( )

( )( )( ) ( )

( )( )

3

3 3 3 3

33 3

33 3

3

2

2

1 3 1 1

4 2 1 3 1 1 3 1 1

4 2 3 1 3 1 1 1

1 3 1 1 1

1 3 1 1 1

1 1 3 1 1 0

1
1 4 0

0

x x x

x x x x x x
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2 35 0

5
t

t t
t

= −⎡
⇔ + − = ⇔ ⎢ =⎣

minyk  

+ebI 2 25 17 5 17 5t x x x x= ⇒ + − = ⇔ − = −  

( )
2

22

5 0 1
2 10 8 0

417 5

x x
x x

xx x

− ≥⎡ =⎡
⇔ ⇔ − + = ⇔⎢ ⎢ =− = − ⎣⎢⎣

 

               dUcenHsmIkarmanrws³ 1; 4x x= = . 
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{tk;²dUcTwketñat RBwkeLIgesateBjbMBg; )anmkTukeGay 
Kg; kMueGaybg;)at;eLIyNa}. 

 
 
 
 
 
 
                  cMelIy 
eyIgmansmIkar³ . 4 4 4 4A x x x x x− − + + − =  
smIkarenHmann½ykalNa³ 4 0 4x x− ≥ ⇒ ≥  
eyIgtag³ 2 24 4 4t x t x x t= − ⇒ = − ⇒ = + enaHsmIkareTACa³ 

          ( ) ( )
( )

2 2 2

2 2 2

2

4 4 4 4 4

2 2 4

2 2 4 *

t t t t t

t t t

t t t

+ − + + + = +

⇔ − + + = +

⇔ − + + = +

 

+ebI 2 0 2t t− ≥ ⇔ ≥ enaH ( )* eTACa³ 22 4t t= + K μanrws 
+ebI0 2t≤ ≤ enaH ( )* eTACa³ 2 4 4 0 4t t x+ = ⇔ = ⇒ =  
              dUcenHsmIkarmanrws³ 4x = . 
eyIgmansmIkar³ ( )( )2 2. 4 1 1 2 2 1B x x x x− + = + +  

lMhat;TI9³cUredaHRsaysmIkarxageRkam³
. 4 4 4 4A x x x x x− − + + − =  
( )( )2 2. 4 1 1 2 2 1B x x x x− + = + +  

( )( )2 2 2 2. 3 6 3 3 6C x x x x+ + − = + + −  
 dkRsg;ecjBIviBaØasaRblgcUlmhaviTüal½y1986 
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eyIgtag³ 2 1; 1t x t= + ≥ enaHsmIkarxagelIeTACa³ 

             ( ) ( )
( )

2 2

2

4 1 1 2 1 2 1

4 1 2 2 1

x x x x

x t t x

− + = + + −

⇒ − = + −
 

               ( )22 1 4 2 1 0t x t x⇔ + − + − =  

               
( ) ( ) ( )

( )

( )

2 221 4 8 2 1 16 24 9 4 3

1 14 1 4 3
4 2
1 4 1 4 3 2 1
4

x x x x x

t x x

t x x x

Δ = − − − = − + = −

⎡ = − − + =⎢
⇒ ⎢

⎢ = − + − = −⎢⎣

   mni yk  

+ebI 2 1t x= − enaHeK)an³        

( )
2

22 2

2

2 1 1
1 2 1

1 2 1 4 4 1

1 4
33 4 0

x
x x

x x x x

x
x

x x

− ≥⎧⎪+ = − ⇔ ⎨
+ = − = − +⎪⎩

≥⎧
⇔ ⇒ =⎨

− =⎩

 

        dUcenHeK)ansmIkarmanrwws³ 4
3

x = . 
eyIgmansmIkar³ ( )( )2 2 2 2. 3 6 3 3 6C x x x x+ + − = + + −  
smIkarenHmann½ykalNa³ 6 6x− ≤ ≤  
eyIgtag³ 2 23 6 0t x x= + + − >  

( )( )
( )( )

2 2 2

2
2 2

9 2 3 6

93 6
2

t x x

tx x

⇒ = + + −

−⇒ + − =
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enaHsmIkarxagelIeTACa³
2

2 193 2 3 0
32

ttt t t
t

= −⎡−= + ⇔ − − = ⇒ ⎢ =⎣

 mni yk  

+ebI 3t = enaHeK)an³ ( )( )2 2 2 23 6 3 9 2 3 6 9x x x x+ + − = ⇔ + + − =  
                             6x⇔ = ±  
                     dUcenHsmIkarenHmanrws³ 6x = ± . 
                                                     
 
 
 
 

 
 
 

                         cMelIy 
eyIgmansmIkar³ 2 2 3. 3 2 3 2 6

2
A x x x x+ − − + = +  

                 2 22 3 2 2 2 3 2 8 0x x x x⇔ − + − − + − =  
eyIgtag³ 22 3 2; 0t x x t= − + > enaHsmIkarxagelIeTACa³ 

2 2
2 8 0

4
t

t t
t

= −⎡
⇔ − − = ⇔ ⎢ =⎣

 minyk  

lMhat;TI10³cUredaHRsaysmIkarxageRkam³
2 2 3. 3 2 3 2 6

2
A x x x x+ − − + = +            

2. 2 5 2 5 2 5 2 48B x x x x x− + − + − + =  
   ( )2 3.2 3 2 3 8C x x x− + = +  
dkRsg;ecjBIviBaØasareRtomcUlmhaviTüal½yevotNam 
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+ebI 4t = enaHeyIg)an³
2 2

2
2 3 2 4 2 3 14 0 7

2

x
x x x x

x

= −⎡
⎢− + = ⇔ − − = ⇒
⎢ =
⎣

 

            dUcenHsmIkarmanrws³ 72
2

x x= − ∨ = . 
eyIgmansmIkar³ 2. 2 5 2 5 2 5 2 48B x x x x x− + − + − + =  
smIkarenHmann½ykalNa³ 5 0 5x x− ≥ ⇒ ≥  
eyIgtag³ 5 ; 0t x x t= − + > enaHeK)an³ 

2 22 5 2 5t x x x= − + − enaHsmIkarxagelIeTACa³ 
2 8

2 48 0
6

t
t t

t
= −⎡

+ − = ⇒ ⎢ =⎣

 minyk  

+ebI 6 5 6t x x= ⇔ − + =  

             

2 2

2

2

2 5 2 5 36 2 5 41 2
415

412
1241

144

x x x x x x

x
x

x

⇔ − + − = ⇔ − = −

⎧ ≤ ≤⎪⎪ ⎛ ⎞⇔ ⇔ =⎨ ⎜ ⎟⎝ ⎠⎪ =⎪⎩

 

                  dUcenHsmIkarmanrws³
241

12
x ⎛ ⎞= ⎜ ⎟⎝ ⎠

. 

eyIgmansmIkar³ ( )2 3.2 3 2 3 8C x x x− + = +  
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smIkarenHmann½ykalNa³
3

2

2
8 0 2 1

1
23 2 0 2

x
x x

x
xx x x

≥ −⎧
⎧ + ≥ − ≤ ≤⎡⎪ ⎪⇔ ⇔≤⎡⎨ ⎨ ⎢ ≥− + ≥⎪ ⎣⎢⎩ ⎪ ≥⎣⎩

 

enaHsmIkarxagelIeTACa³ ( ) ( )( )2 22 2 3 2 3 2 2 4x x x x x− + = + − +  
eyIgtag³ 2

2

2
3 2

2 4
a x

b a x x
b x x

= +⎧
⇒ − = − +⎨

= − +⎩
 

enaHsmIkarxagelIeTACa³ ( )2 3b a ab− =  

( )2 2 24 4 17 04 9

b a b a
a b abb a ab

≥⎧ ≥⎧⎪⇔ ⇔⎨ ⎨
+ − =− =⎪ ⎩⎩

 

          2 24 17 4 0 4
4

ba
a a b

a b

⎡ =⎢⇔ − + = ⇔
⎢

=⎣
 

               enaHeK)an³ 4
4
ba a b= ⇔ =  

                    
( ) 2

2

4 2 2 4

6 4 0

3 13

3 13

x x x

x x

x

x

⇔ + = − +

⇔ − − =

⎡ = −
⇔ ⎢

= +⎢⎣

 

               dUcenHsmIkarmanrws³ 3 13x = ± . 
                                             
 
        {mnusSqøatecHsmøwgeTAmux}. 
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cMelIy 

 
eyIgmansmIkar³ 2 2 11 28. 3 5 9 2

4 9
A x x x x x− − + − = −  

smIkarenHmann½ykalNa³ 2

1 73
189 2 0

1 73
18

x
x x

x

⎡ − −≤⎢
⎢+ − ≥ ⇔
⎢ − +≥⎢⎣

 

enaHsmIkarxagelIeTACa³
2

29 2 915 9 2 0
9 36

x x x x+ − − + − − =  
eyIgtag³ 2 2 29 2; 0 9 2t x x t t x x= + − > ⇒ = + −  
enaHsmIkarxagelIeTACa³

2
2915 0 4 180 91 0

9 36
t t t t− − = ⇔ − − =  

                                    
1
2

91
2

t

t

⎡ = −⎢
⇔ ⎢

⎢ =⎢⎣

mni yk
 

lMhat;TI11³ cUredaHRsaysmIkarxageRkam³
     2 2 11 28. 3 5 9 2

4 9
A x x x x x− − + − = −  

    
( )

2

2. 4
1 1

xB x
x

− =
+ +

 

   ( )( ). 1 3 2 1 3 4 2C x x x x x− + + + − + = −  
  dkRsg;ecjBIviBaØasaRblgcUlmhaviTüal½yevotNam 
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+ebI

2

2
2 2

91 919 2
2 2

919 2 36 4 8289 0
4

2 298408
36

2 298408
36

t x x

x x x x

x

x

= ⇔ + − =

⇔ + − = ⇔ + − =

⎡ − −=⎢
⎢⇔
⎢ − +=⎢⎣

 

            dUcenHsmIkarmanrws³ 2 298408
36

x − ±= . 

eyIgmansmIkar³
( )

2

2. 4
1 1

xB x
x

− =
+ +

 

smIikarenHmann½ykalNa³ 4x ≥  

enaHeK)an³ ( )
( )( )

2
2

2

1 1
4

1 1 1 1

x x
x

x x

+ −
− =

⎡ ⎤+ + + −⎣ ⎦

 

                        ( )2
4 1 1 2 2 1

1 3 8

x x x x

x x

⇔ − = + − = + − +

⇔ + = ⇒ =
 

                           dUcenHsmIkarenHmanrws³ 8x = . 
eyIgmansmIkar³ ( )( ). 1 3 2 1 3 4 2C x x x x x− + + + − + = −  
smIkarenHmann½ykalNa³ 4 2 0

1 2
1

x
x

x
− ≥⎧

⇔ ≤ ≤⎨ ≥⎩
 

eyIgtag³ ( )( )21 3; 0 2 2 1 3t x x t t x t t= − + + > ⇒ = + + − +  
enaHsmIkarxagelIeTACa³ 2 2

6 0
3

t
t t

t
=⎡

+ − = ⇒ ⎢ = −⎣ mni yk
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+cMeBaH 2 1 3 2t x x= ⇒ − + + =  

      

( )( ) ( )( )

( )( )

2 2 2 1 3 4 1 3 1

1 0
1 2 1

1 3 1

x x x x x x

x
x x

x x x

⇔ + + − + = ⇔ − + = −

⎧ − ≥⎪⎪⇔ ≤ ≤ ⇒ =⎨
⎪

− + = −⎪⎩

 

                          dUcenHsmIkarmanrws³ 1x = . 

                                           
 
 
 
 
 
 
 
 
eyIgmansmIkar³ 2. 2 2 3A x x x x x+ + + + + =  
smIkarenHmann½ykalNa³ 0x ≥  
eyIgtag³ ( )2 22 ; 0 2 1 2 2t x x t t x x x= + + > ⇒ = + + +  

2
21 2

2
tx x x⇒ + + + =  

lMhat;TI12³cUredaHRsaysmIkarxageRkam³
      2. 2 2 3A x x x x x+ + + + + =  
     2 2. 2 2 2B x x x x+ − = −  
     

2

. 1 1 2
4
xC x x− + + = −  

      dkRsg;ecjBIviBaØaRblgcUlvisVkrGKÁisnIrUsIu 
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enaHsmIkarxagelIeTACa³
2

2 2
4 2 8 0

42
tt t t t
t

=⎡
+ = ⇔ + − = ⇔ ⎢ = −⎣  mni yk

 

+ebI 2t = enaHeK)an³ 2 2x x+ + =  
2

2
2 2

2 2 2 2 4
0 10 1 12 1 1 42 2 1

4

x x x
xx

x x x x
xx x x x

⇔ + + + =
≤ ≤⎧≤ ≤⎧ ⎪⇔ + = − ⇔ ⇔ ⇒ =⎨ ⎨ =+ = − +⎩ ⎪⎩

                     dUcenHsmIkarmanrws³ 1
4

x = . 
eyIgmansmIkar³ 2 2. 2 2 2B x x x x+ − = −  
smIkarenHmann½ykalNa³ 2 0 2x x− ≥ ⇒ ≤  
eyIgtag³ 2 ; 0y x y= − ≥  

( )22 2 2 4 22 2 4 4y x x y y y⇒ = − ⇒ = − = − +  
enaHsmIkarxagelIeTACa³ ( )4 2 4 24 4 2 4 4 .y y y y y y− + + = − +  

( )( )
5 4 3 2

4 3 2

2 8 4 7 4 0

1 2 7 3 4 0

y y y y y

y y y y y

⇔ − − + + − =

⇔ − + − − + =
 

4 3 2

1
2 7 3 4 0
y

y y y y
=⎡

⇔ ⎢ + − − + =⎣
 

( )( )2 2 2

2

1
1

1 2 4 0 1 0
2 4 0

y
y

y y y y y y
y y

=⎡
⎢ =⎡⎢⇔ ⎢⎢ + − − − = ⇔ + − =⎢⎢ ⎢ − − =⎢ ⎣⎣
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( )( )2 2 2

2

1
1

1 2 4 0 1 0
2 4 0

1

1 5
12

5 1 5 1
2 2

1 33 1 33
4 4

1 33
4

y
y

y y y y y y
y y

y

y y

y y

y y

y

=⎡
⎢ =⎡⎢⇔ ⎢⎢ + − − − = ⇔ + − =⎢⎢ ⎢ − − =⎢ ⎣⎣
⎡
⎢ =
⎢

− −⎢ ⎡=⎢ ⎢ =
⎢ ⎢

− −⎢ ⎢⇔ = ⇔ =⎢ ⎢
⎢ ⎢

− +⎢ ⎢= =⎢ ⎢⎣⎢
+⎢ =⎢⎣

 mni yk

 minyk

 

+ebI 1 2 1 1y x x= ⇔ − = ⇒ =  
+ebI 5 1 5 1 1 52

2 2 2
y x x− − += ⇔ − = ⇒ =  

+ebI 1 33 1 33 1 332
4 4 8

y x x+ + += ⇔ − = ⇔ = −  

        dUcenHsmIkarmanrws³ 1x = , 
1 5

2
x += ,

1 33
8

x += − . 

eyIgmansmIkar³
2

. 1 1 2
4
xC x x− + + = −  

smIkarenHmann½ykalNa³ 1 1x− ≤ ≤  
eyIgtag³ 2 21 1 ; 0 2 2 1t x x t t x= − + + ≥ ⇒ = + −  
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2 2 41
4

x t t⇒ = − enaHsmIkarxagelIeTACa³
4

212
4 4

tt t
⎛ ⎞

= − −⎜ ⎟
⎝ ⎠

 

           ( )( )
( ) ( )

2 4
4 2

3 2

2 2

2 4 16 32 0
4 16

2 2 16 0

2 4 8 0 2

t tt t t t

t t t

t t t t

⇔ = − + ⇔ − − + =

⇔ − + − =

⇔ − + + = ⇔ =

 

+ebI 2 1 1 2 0t x x x= ⇔ + + − = ⇔ =  
             dUcenHeK)ansmIkarmanrws³ 0x = . 
 
 
 
 
 
 
                  cMelIy 

eyIgmansmIkar³
4 4 2 22002 2002. 2002

2001
x x x xA + + + =  

eyIgtag³ 2002; 0a a= > enaHsmIkareTACa³
4 4 2 2

1
ax x x a x a

a
+ + + =

−
 

4 4 2 2 2ax x x a x a a⇔ + + + = −  

lMhat;TI13³cUredaHRsaysmIkarxageRkam³

   
4 4 2 22002 2002. 2002

2001
x x x xA + + + =  

   2 2. 3 2 1B x x x x+ − − + − =  
   ( )( ) 2. 1 2 1 2 2C x x x x+ − = + −  
   dkRsg;ecjBIviBaØasaeRtomRblgsisSBUEkevotNam 
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( ) ( )
( ) ( )( )

( )( )

( ) ( )
( )( )
( )( )

( )

2
4 2 2 2

4 2 2 2

2 4 2

4 2

222 2 2 2

2 2 2 2 2 2

2 2 2 2

2 2

0

0

0

0

0

0

1 0

1 0 *

x a x a x a a

x a x a x a a x a a

x a a x x a a

x x a a

x x a x x a

x x a x x a x x a

x x a x x a

x x a

⇔ + + + + − =

⇔ + + + + − + + =

⇔ + + + + − =

⇔ + + − =

⇔ − + + + + =

⇔ − + + + + + + =

⇔ + + − + + =

⇔ − + + =

 

eyIgtag³ 2 2 21t x a t x a= + > ⇔ = + enaHsmIkar( )* eTACa³ 

( )2 2

1 4 3 1 121 0 4 3 1
21 4 3

2

at
t t a x a

at

⎡ − −= <⎢
⎢− + − = ⇒ ⇒ = − −
⎢ + −=⎢⎣

 mni yk
 

( )

( )

( )

1 4 3 1
2
1 4.2002 3 1
2
1 8005 1
2

x a

x

x

⇒ = ± − −

⇒ = ± − −

⇔ = ± −

 

dUcenHeK)ansmIkarmanrws³ ( )1 8005 1
2

x = ± −    . 
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eyIgmansmIkar³ 2 2. 3 2 1B x x x x+ − − + − =  
smIkarenHmann½ykalNa³ 22 0 1 2x x x+ − ≥ ⇔ − ≤ ≤  
eyIgtag³ 2t x x= − enaHsmIkarxagelIeTACa³ 3 2 1t t+ − − =  

2

3 2
3 1 2

3 3 2 2

0 2
3 2 0 2

11
22 2

t
t t

t t t

t
t t

tt
t tt t t

− ≤ ≤⎧⎪⇔ + = + − ⇔ ⎨
+ = − + −⎪⎩

≤ ≤⎧− ≤ ≤ ≤ ≤⎧ ⎧⎪ ⎪⇔ ⇔ ⇔ ⇔ ==⎡⎨ ⎨ ⎨
− =− =⎪ ⎢⎩⎩ ⎪ = −⎣⎩

 

+ebI 2

1 5
21 1 0

1 5
2

x
t x x

x

⎡ +=⎢
⎢= ⇔ − − = ⇔
⎢ −=⎢⎣

 

                     dUcenHsmIkarmanrws³
1 5

2
1 5

2

x

x

⎡ +=⎢
⎢
⎢ −=⎢⎣

. 

eyIgmansmIkar³ ( )( ) 2. 1 2 1 2 2C x x x x+ − = + −  
smIkarenHmann½ykalNa³ 1 2x− ≤ ≤  
eyIgtag³ 2 2 22 ; 0 2t x x t t x x= + − ≥ ⇒ = + −  
enaHsmIkarxagelIeTACa³ 

2 2
1

2 3 2 3 0 3
2

t
t t t t

t

= −⎧
⎪= − ⇔ − − = ⇔ ⎨ =⎪⎩

mni yk
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+cMeBaH 3
2

t = 2 29 1 12 0
4 4 2

x x x x x⇔ + − = ⇔ − + = ⇒ =  

                           dUcenHsmIkarmanrws³ 1
2

x = . 
eyIgmansmIkar³ ( )2. 1 3 2 3 2 2D x x x x− + − = − + −  
smIkarenHmann½ykalNa³ 1x ≥  

eyIgtag³
( )

2

22

11 0
3 2 3

a xa x
b x b x

⎧ = −⎧ = − ≥⎪ ⎪⇒⎨ ⎨
= − ≥ − = −⎪ ⎪⎩ ⎩

 

enaHsmIkarxagelIeTACa³

( ) ( )

( )

2 2
2 2 2

2

0
2 2

2

0 0
0

a b
a b b a

a b a b

a b a b
a ba b

+ ≥⎧⎪+ = + ⇔ ⎨ + = +⎪⎩
+ ≥⎧ + ≥⎧⎪⇔ ⇔⎨ ⎨ =− = ⎩⎪⎩

 

+ebI a b= enaHeK)an³ 1 3 5x x x− = − ⇒ =  
             dUcenHeK)ansmIkarxagelImanrws³ 5x = . 

                                           
 
 
 
 
 

lMhat;TI14³ cUredaHRsaysmIkarxageRkam³

     ( ) ( )3 3
3 1. 3 1 2

1 3 1
x xA x x

x
− −− + − =
− −

 

    ( ) 2 2. 3 10 12B x x x x+ − = − −  
       dkRsg;ecjBIkarRblgsisSBUEkb:ULÚj 
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              cMelIy 
eyIgmansmIkar³ ( ) ( )3 3

3 1. 3 1 2
1 3 1
x xA x x

x
− −− + − =
− −

 

smIkarenHmann½ykalNa³ 1
3

x
x

≠⎧
⎨ ≠⎩

 

eyIgtag³ 3 3
3 1 1

1 3
x xt

x x t
− −= ⇒ =
− −

enaHsmIkareTACa³ 

( ) ( ) ( )

( )( ) ( )

2

22

13 1 2 3 2 1 0

' 1 3 1 4 4 2

1 2 1
3

1 2 1
3 3

x t x x t t x
t

x x x x x

xt
x

x xt
x x

⇔ − + − = ⇔ − − + − =

Δ = − − − = − + = −

− +⎡ = =⎢ −⇒ ⎢
+ − −⎢ = =⎢ − −⎣

 

+ebI 31 1 3 1 2
1
xt x x x

x
−= ⇔ = ⇔ − = − ⇒ =
−

 

+ebI ( ) ( )
3

4 41 3 1 3 1
3 1 3
x x xt x x

x x x
− − −⎛ ⎞= ⇔ = ⇔ − = −⎜ ⎟− − −⎝ ⎠

 

            3 1 2x x x⇔ − = − ⇒ =  
            dUcenHsmIkarmanrws³ 2x = . 
eyIgmansmIkar³ ( ) 2 2. 3 10 12B x x x x+ − = − −  
smIkarenHmann½ykalNa³ 10x ≤  
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eyIg)ansmIkar³     
( ) ( )( )

( )( )
2

2

3 10 3 4

3 10 4 0

x x x x

x x x

+ − = + −

⇔ + − − + =
 

2

3

10 4 10 4 0

3

x

x x x x

x

= −⎡
⇔ ⎢

− = + ≤ ⇒ − <⎢⎣
⇒ = −

 minykeRBaH

 Carsw

 

                        dUcenHsmIkarmanrws³ 3x = − . 
 
 
 
 
      
                 cMelIy 
eyIgmansmIkar³ 2. 12 1 36A x x x+ + + =  
smIkarenHmann½ykalNa³ 1x ≥ −  
eyIgtag³ 21; 0 1t x t x t= + ≥ ⇒ = − enaHsmIkarxagelIeTACa³ 
( )

( )( )

22 2

4 2 3 2

3 2

1 1 12 36 0

12 36 0 2 2 3 18 0

2
2 3 18 t 0

t t t

t t t t t t t

t
t t t

− + − + − =

⇔ − + − = ⇔ − + + + =

=⎡
⇒ ⎢ + + + ≥⎣  minBiteRBaH 

 

+ebI 2t = enaHeK)an³ 3x =  

lMhat;TI15³cUredaHRsaysmIkarxageRkam³
     2. 12 1 36A x x x+ + + =  
    3 2 4. 1 1 1 1B x x x x x− + + + + = + −  
dkRsg;ecjBIlMhat;eRtomRblgcUlmhaviTüal½yevotNam 
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                 dUcenHsmIkarmanrws³ 3x = . 
eyIgmansmIkar³ 3 2 4. 1 1 1 1B x x x x x− + + + + = + − s 
smIkarenHmann½ykalNa³ 1x ≥  
eyIgtag³

( )( )3 2 4

3 2

1 0
. 1 1 1

1 0

a x
ab x x x x x

b x x x

⎧ = − ≥⎪ ⇒ = − + + + = −⎨
= + + + >⎪⎩

 

enaHsmIkarxagelIeTACa³ 1a b ab+ = +

( ) ( ) ( )( ) 1
1 1 0 1 1 0

1
a

a b b b a
b

=⎡
⇔ − − − = ⇔ − − = ⇒ ⎢ =⎣

 

+cMeBaH 1 1 1 2a x x= ⇔ − = ⇒ =  
+cMeBaH ( )3 2 21 1 1 1 0 0b x x x x x x x= ⇔ + + + = ⇔ + + = ⇒ =  mni yk  
                  dUcenHeK)ansmIkarmanrws³ 2x = . 

                                           
 
 
 
 
 
  
                                        cMelIy 

lMhat;TI16³cUredaHRsaysmIkarxageRkam³
( )( ). 3 2 9 18 168A x x x x x+ + + + =  

( ) ( )5 5
2 2. 1 1 123B x x x x+ − + + + =  

dkRsg;ecjBIkMrglMhat;RblgcUlmhaviTüal½yevotNam 
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eyIgmansmIkar³ ( )( ). 3 2 9 18 168A x x x x x+ + + + =  
smIkarenHmann½ykalNa³ 0x ≥ enaHsmIkarGacsresr³ 

               

( )( )( )( )
( )( )
( )( )
( ) ( )2 2

1 2 3 6 168

5 6 7 6 168

6 6 6 6 168

6 6 169 13

6 6 13

6 6 13 x 0

7 6 0

1 1
366

x x x x x

x x x x x

x x x x x x x

x x x x

x x x

x x x

x x

x x
xx

+ + + + =

⇔ + + + + =

⇔ + − + + + + =

⇔ + + = =

⎧ + + =⎪⇔ ⎨
+ + = − ≥⎪⎩

⇔ − + =

⎡ = =⎡
⇔ ⇔⎢ ⎢ == ⎣⎢⎣

mni ykeRBaH

 

                 dUcenHeK)ansmIkarmanrws³ 1 36x x= ∨ = . 
eyIgmansmIkar³ ( ) ( )5 5

2 2. 1 1 123B x x x x+ − + + + =  
edayeyIgdwgfa³( )( )2 21 1 1 1 1x x+ − + + = enaHeyIgtag³

2 2 11 1 1 1t x x
t

= + − ⇒ + + = enaHsmIkarxagelIeTACa³ 

         2 2 11 1 1 1t x x
t

= + − ⇒ + + =  
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5 10 5
5

1 123 123 1 0t t t
t

+ = ⇔ − + = eyIgtag³

5 5

123 55 5
2123 1 0

123 55 5
2

y
y t y y

y

⎡ −=⎢
⎢= ⇒ − + = ⇒
⎢ +=⎢⎣

 

5

5

5

5

123 55 5 3 5 3 5
2 2 2

3 5123 55 5 3 5
22 2

t t

tt

⎡ ⎛ ⎞− − ⎡ −⎢ = = ⎜ ⎟ =⎢⎢ ⎝ ⎠ ⎢⇒ ⇔⎢
⎢ +⎢ ⎛ ⎞+ + =⎢= = ⎜ ⎟⎢ ⎣⎢ ⎝ ⎠⎣

 

+ebI   2 23 5 3 5 3 51 1
2 2 2

t x x x x− − −= ⇔ + − = ⇔ + = +  

( )
2

2 2

5 3 5 3
2 52

23 5 51 3 5
2 2

x x
x

x x x x

⎧ − ⎧ −≥⎪ ≥⎪⎪ ⎪⇔ ⇔ ⇒ =⎨ ⎨⎛ ⎞−⎪ ⎪+ = + − + =⎜ ⎟⎪ ⎪⎩⎝ ⎠⎩

 

+ebI 25 3 5 31
2 2

t x x+ += ⇔ + − =  

( )
2

2

2 2

3 5
25 31

2 5 31 5 3
2

x
x x

x x x

⎧ +≥ −⎪
+ ⎪⇔ + = + ⇔ ⎨ ⎛ ⎞+⎪ + = + + + ⎜ ⎟⎪ ⎝ ⎠⎩
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( )
2

2

2 2

3 5
25 31

2 5 31 5 3
2

3 5
52

25
2

x
x x

x x x

x
x

x

⎧ +≥ −⎪
+ ⎪⇔ + = + ⇔ ⎨ ⎛ ⎞+⎪ + = + + +⎜ ⎟⎪ ⎝ ⎠⎩

⎧ +≥ −⎪⎪⇔ ⇒ = −⎨
⎪ = −⎪⎩

 

                        dUcenHsmIkarmanrws³ 5
2

x = ± . 
 
 
 
 
 
                 
                 cMelIy 
eyIgmansmIkar³ ( ) ( )2 2233 3.2 1 3 1 1 0A x x x+ + − + − =  
eyIgEckGgÁTaMgBIrnig³ 23 1 x− enaHeyIg)an³ 

3 3
1 12 3 0

1 1
x x

x x
+ −+ + =
− +

eyIgtag³ 3 3
1 1 1
1 1

x xt
x x t

+ −= ⇒ =
− +

 

lMhat;TI17³cUredaHRsaysmIkarxageRkam³
    ( ) ( )2 2233 3.2 1 3 1 1 0A x x x+ + − + − =  
    2. 2 2 7 35 2B x x x x x+ + + + = −  
 dkRsg;ecjBIkMrglMhat;RblgcUlmhaviTüal½yevotNam 
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enaHsmIkarxagelIeTACa³ 12 3 0t
t

+ + =  

2
1

2 3 1 0 1
2

t
t t

t

= −⎡
⎢⇔ + + = ⇒
⎢ = −
⎣

 

+ebI 3
11 1 1 1
1

xt x x
x

+= − ⇔ = − ⇔ + = −
−

mni Bti  

+ebI ( )1 1 1 98 1 1
2 1 8 7

xt x x x
x

+= − ⇔ = − ⇔ + = − ⇒ = −
−

 

                  dUcenHsmIkarmanrws³ 9
7

x = − . 
eyIgmansmIkar³ 27 2 7 35 2x x x x x+ + + + = −  
smIkarenHmann½ykalNa³ 350

2
x≤ ≤ enaHsmIkarGacsresr³ 

27 2 7 2 35x x x x x+ + + + + = eyIgtag³
2 27 ; 0 2 7 2 7t x x t t x x x= + + > ⇒ = + + +  

2 22 2 7 7x x x t⇒ + + = − enaHsmIkarxagelIeTACa³ 
2 2 7

7 35 42 0
6

t
t t t t

t
= −⎡

+ − = ⇔ + − = ⇔ ⎢ =⎣

minyk  

+ebI 26 7 6 2 7 2 7 36t x x x x x= ⇔ + + = ⇔ + + + =  

( )

2

2 2 2

2 7 29 2
290
2

4 7 4 116 29

x x x

x

x x x x

⇔ + = −

⎧ ≤ ≤⎪⇔ ⎨
⎪ + = − +⎩
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                   2

290
2

29
144

x

x

⎧ ≤ ≤⎪⎪⇔ ⎨
⎪ =⎪⎩

 

                    dUcenHsmIkarmanrws³
229

12
x ⎛ ⎞= ⎜ ⎟⎝ ⎠

. 
                                                   

{eBlbMeBjkic©karGVImYyminfatUctacb:uNÑakþI cUrdak; 
citþ RbmUlGarm μN¾ nig bBaØarbs;Gñk}. 

 
                  
 
 
 
                 
               cMelIy 
eyIgmansmIkar³ 2 2. 2 2 1 3 4 1A x x x x x+ + − = + +  
smIkarenHmann½ykalNa³ 1

2
x ≥ eyIgtag³ 

2

2 22

2 1 0 2 1
3 4 13 4 1 0

a x a x
b x xb x x

⎧ = − ≥ ⎧ = −⎪ ⎪⇒⎨ ⎨
= + +⎪= + + ≥⎪ ⎩⎩

 

lMhat;TI18³cUredaHRsaysmIkarxageRkam³
    2 2. 2 2 1 3 4 1A x x x x x+ + − = + +  
    3 3

2 1 1. 2
1 2 2

xB
x x

+ + =
+

 

  dkRsg;ecjBIviBaØaRblgenARbeTscinRbCamanit 
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( )

2

2 22

2 2 2 2

2 2
2

2 1 0 2 1
3 4 13 4 1 0

3 6 3 2

2
3

a x a x
b x xb x x

a b x x x x

a bx x

⎧ = − ≥ ⎧ = −⎪ ⎪⇒⎨ ⎨
= + +⎪= + + ≥⎪ ⎩⎩

⇒ + = + = +

+⇒ + =

 

enaHsmIkarxagelIeTACa³
2 2

3
a b b a+ = −  

( ) ( )
2 2

2 2 2

0

3 0 *
3

b a b a
a b a b abb a

− ≥⎧ ≥⎧⎪ ⎪⇔ ⇔⎨ ⎨+ + − == − ⎪⎩⎪⎩

 

+krNI³ 23 4 1 2 1b a x x x≥ ⇔ + + ≥ −  
23 2 2 0x x x IR⇔ + + ≥ ∀ ∈ enaH( )* 2 23 0a ba b− + =  

           2 2 2

3 5
29 4 5

3 5
2

b ba
b b b

b ba

⎡ −=⎢
⎢Δ = − = ⇒
⎢ +=⎢⎣

 

+ebI 3 5
2

a b−= enaHeyIg)an³ 23 52 1 3 4 1
2

x x x−− = + +  

( )
( ) ( )

2

2

7 3 52 1 3 4 1
2

3 7 3 5 4 6 3 5 . 9 3 5 0

x x x

x

−⇔ − = + +

⇔ − + − + − =
 

eyIgedaHRsaysmIkarenHeyIg)an³ ( )
( )
3 5 6 4 5 1

26 7 3 5
x

− += =
−
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+ebI 23 5 3 52 1 . 3 4 1
2 2

x b x x x+ += ⇔ − = + +  

( )
( ) ( )

2

2

7 3 52 1 3 4 1
2

3 7 3 5 4 6 3 5 9 3 5 0

x x x

x x

−⇔ − = + +

⇔ + + + + + =
 

eyIgedaHRsaysmIkarenHeyIg)an³ ( )
( )

4 6 3 5 1 5
26 7 3 5

x
+ −= =
+

 mni yk  

               dUcenHsmIkarmanrws³ 5 1
2

x += . 

eyIgmansmIkar³ 3 3
2 1 1. 2

1 2 2
xB

x x
+ + =

+
 

smIkarenHmann½ykalNa³ 0x ≠ eyIgtag³ 3 3
2 1 1

1 2
x xt
x x t

+= ⇒ =
+

 

enaHsmIkarxagelIeTACa³ 1 22 1 1 1
1

xt t x
t x

+ = ⇒ = ⇔ = ⇒ =
+

 
                              dUcenHsmIkarmanrws³ 1x = . 
 
 
 
 

 
                  cMelIy 

lMhat;TI19³cUredaHRsaysmIkarxageRkam³
    2 2. 5 14 9 20 5 1A x x x x x+ + − − − = +  
    ( )3 2.5 1 2 2B x x+ = +  
dkRsg;ecjBIkarRblgcUlmFümsikSakMritBIRbeTscin 
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eyIgmansmIkar³ 2 2. 5 14 9 20 5 1A x x x x x+ + − − − = +  
smIkarenHmann½ykalNa³                                        

2

2

9
5

5 14 9 0 1
20 0 5 4 5

1 1

x

x x x
x x x x x
x x

⎧⎡ ≤ −⎪⎢
⎪⎢⎧ + + ≥ ≥ −⎪⎣⎪ ⎪− − ≥ ⇔ ≥ ∨ ≤ − ⇔ ≥⎨ ⎨

⎪ ⎪≥ − ≥ −⎩ ⎪
⎪
⎪⎩

 

enaHsmIkarxagelIGacsresr³ 2 25 14 9 20 5 1x x x x x+ + = − − + +  
( )( ) ( )( )

( )( ) ( )( ) ( ) ( )( )( )

( ) ( ) ( )( )2 2

1 5 1 4 5 5 1

1 5 9 4 5 25 1 10 1 4 5

2 4 5 3 4 5 4 5 4

x x x x x

x x x x x x x x

x x x x x x

⇔ + + = + − + +

⇔ + + = + − + + + + + +

⇔ − − + + = − − +

 

eyIgtag³
2 4 5

4

a x x

b x

⎧ = − −⎪
⎨

= +⎪⎩
enaHsmIkarenHeTACa³

2 2 2 22 3 5 2 5 3 0 3
2

a b
a b a a ba b ba

=⎡
⎢+ = ⇔ − + = ⇒
⎢ =
⎣

 

+ebI 2 24 5 4 4 5 4a b x x x x x x= ⇔ − − = + ⇔ − − = +  

2

5 61
25 9 0

5 61
2

x
x x

x

⎡ +=⎢
⎢⇔ − − = ⇒
⎢ −=⎢⎣

mni yk
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+ebI ( ) ( )2 23 34 5 4 4 4 5 9 4
2 2

a b x x x x x x= ⇔ − − = + ⇔ − − = +  

2
8

4 25 56 0 7
4

x
x x

x

=⎡
⎢⇔ − − = ⇒
⎢ = −
⎣

mni yk
 

            dUcenHsmIkarmanrws³ 5 61 8
2

x x+= ∨ = . 
eyIgmansmIkar³ ( )3 2.5 1 2 2B x x+ = +  
smIkarenHmann½ykalNa³ 1x ≥ − enaHeKGacsresr³ 

( )( ) ( )2 25 1 1 2 2x x x x⇔ + − + = + eyIgtag³ 
2

2 2 2
2 22

1 0 1
2

11 0

a x a x
a b x

b x xb x x

⎧ = + ≥ ⎧ = +⎪ ⎪⇔ ⇒ + = +⎨ ⎨
= − +⎪= − + ≥⎪ ⎩⎩

 

enaHsmIkarxagelIeTACa³ ( )2 25 2ab a b= +  

2 22 5 2 0 2
2

ba
a ab b

a b

⎡ =⎢⇔ − + = ⇒
⎢

=⎣
 

+ebI 22 1 1
2
ba x x x= ⇔ + = − +  

( )2 2

5 37
21 4 1 5 3 0

5 37
2

x
x x x x x

x

⎡ −=⎢
⎢⇔ + = − + ⇔ − − = ⇒
⎢ +=⎢⎣

 

+ebI 22 1 2 1a b x x x= ⇔ + = − +  
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                ( )2

2

1 4 1

4 5 3 0

x x x

x x

⇔ + = − +

⇔ − + = Kμanrsw
 

             dUcenHsmIkarmanrws³ 5 37
2

x ±=  
                                                    
{ braC½yCaeBlevla Qb;sMraksMrab;bnþdMeNIreTAmuxeTot} 
 
 
 
 
 
                  
                 cMelIy 
eyIgmansmIkar³ 2 23 33. 7 1 8 8 1 2A x x x x x+ − − − + − − =  

eyIgtag³ ( )
3 3

2 3 23

23 3 2

7 1 7 1

8 8

8 1 8 1

a x a x

b x x b x x

c x x c x x

⎧ = + ⎧ = +
⎪ ⎪⎪ ⎪= − − − ⇒ = − − −⎨ ⎨
⎪ ⎪

= − − = − −⎪⎪ ⎩⎩

 

enaHsmIkarxagelIeTACa³ ( ) ( )32 8 *a b c a b c+ + = ⇒ + + =  
eyIgBinitüsmIkar³ 3 3 3 8a b c+ + = (karbUkGgÁTaMgGs;)( )**  

tam( )* nig( )** eK)an³( )3 3 3 3a b c a b c+ + = + +  

lMhat;TI20³cUredaHRsaysmIkarxageRkam³
    2 23 33. 7 1 8 8 1 2A x x x x x+ − − − + − − =  
    ( )( ). 3 2 9 18 120B x x x x x+ + + + =  
        dkRsg;ecjBIviBaØasaRblgenARbeTs)araMg 
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( ) ( ) ( )

( )( )( )

3 23 3 3 3 2

3 3 3 3 3 3 2 2 2 2

2 2

2 2 2 2 2 2

3 3

3 3 3 3
6 3 3

2 0

0

a b c a b c a b c c a b

a b c a b c a b ab a c b c
abc c a c b
a b ab a c b c c a c b abc

a b
a b b c c a b c

c a

⇔ + + = + + + + + +

⇔ + + = + + + + + +
+ + +

⇔ + + + + + + =
= −⎡

⎢⇔ + + + = ⇒ = −⎢
⎢ = −⎣

 

+ebI 2 233 7 1 8 7 1 8b c x x x x x x= − ⇔ + = − − ⇔ + = − −  
2 1

8 9 0
9

x
x x

x
= −⎡

⇔ − − = ⇒ ⎢ =⎣
 

+ebI 2 23 38 8 1 1b c x x x x x= − ⇔ − − = − − ⇒ =  
+ebI 2 23 38 1 7 1 8 1 7 1c a x x x x x x= − ⇔ − − = − + ⇔ − − = − −  

2 0
0

1
x

x x
x

=⎡
⇔ − = ⇒ ⎢ =⎣

 

             dUcenHsmIkarmansMNMurws³ { }1,0,1,9x = − . 
eyIgmansmIkar³ ( )( ). 3 2 9 18 120B x x x x x+ + + + =  
smIkarenHmann½ykalNa³ 0x ≥ . smIkarenHGacsresr³ 

( )( )( )( )
( )( ) ( )( )

( )( )

1 2 3 6 120

1 6 2 3 120

7 6 5 6 120

x x x x x

x x x x x

x x x x x

⇔ + + + + =

⎡ ⎤ ⎡ ⎤⇔ + + + + =⎣ ⎦ ⎣ ⎦

⇔ + + + + =

 

eyIgEckGgÁTaMgBIrénsmIkarnig x enaHeK)an³ 
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6 67 5 120x x
x x

⎛ ⎞⎛ ⎞⇔ + + + + =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 

eyIgtag³ 6 ; 2 6t x t
x

= + ≥ enaHsmIkarxagelIeTACa³ 

( )( ) 2 17
7 5 120 12 85 0

5
t

t t t t
t

= −⎡
+ + = ⇔ + − = ⇒ ⎢ =⎣

minyk  

+ebI 465 5 5 6 0
9

x
t x x x

xx
=⎡

= ⇔ + = ⇔ − + = ⇒ ⎢ =⎣
 

              dUcenHsmIkarmanrws³ 4 9x x= ∨ = . 
{ etIkñúgCIvitmnusSmñak; manbraC½yb:unμandg nig 

eCaKC½yb:unμandg?}. 
 

 
 
 
 
 
 
 
                 
                cMelIy 

lMhat;TI21³cUredaHRsaysmIkarxageRkam³
    2 2. 2 1 2 1 1A x x x x+ − + − =  
    23.1 1

2
B x x x x+ − = + −  

    dkRsg;ecjBIkMrglMhat;RblgenARbeTsG‘uyeRkn 
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eyIgmansmIkar³ 2 2. 2 1 2 1 1A x x x x+ − + − =  
smIkarenHmann½ykalNa³ 1 1x− ≤ ≤ . smIkarenHGacsresr³ 

( )
( )

( )

2 2

4 2 2 2 3 2 2

2 2 2

2 2 2

1 1 2 2 1

1 1 4 4 1 4 8 1 4 1

1 8 1 4 1 0

0

1 8 1 4 1 0 *

x x x x

x x x x x x x x x

x x x x

x

x x x

− = − − −

⇒ − = + + − − + − − −

⇒ + − − − =

=⎡
⇒ ⎢

+ − − − =⎢⎣
eyIgtag³ 21 ; 0t x t= − ≥ enaHeK)an³ 2 21x t= −  
enaHsmIkar( )* eTACa³ ( )28 1 4 1 0t t t− − + =  

( )3 218 4 1 0 8 4 2 0
2

t t t t t⎛ ⎞⇔ − − = ⇔ + − − =⎜ ⎟⎝ ⎠
                

2

1 0  t 0
2

1 54 2 1 0
4

t

t t t

⎡ + = ≥⎢
⎢⇔

+⎢ − − = ⇒ =⎢⎣

  minykeRBaH 
 

+ebI 
2

21 5 1 5 5 5 5 51
4 4 8 8

t x x
⎛ ⎞+ + − −= ⇔ = − = ⇒ = ±⎜ ⎟
⎝ ⎠

 

         dUcenHeyIg)ansmIkarmanrws³ 5 50
8

x x −= ∨ = − . 
                                                          
eyIgmansmIkar³ 23.1 1

2
B x x x x+ − = + −  
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smIkarenHmann½ykalNa³0 1x≤ ≤ eyIgtag³ 1 ; 0t x x t= + − >  
2

2 2 2 11 2
2

tt x x x x −⇒ = + − ⇒ − = enaHsmIkarxagelIeTACa³ 

( )2 2
1

31 1 3 4 1 0 14
3

t
t t t t

t

=⎡
⎢+ − = ⇔ − + = ⇒
⎢ =
⎣

 

+ebI 0
1 1 1

1
x

t x x
x

=⎡
= ⇔ + − = ⇒ ⎢ =⎣

 

+ebI ( )1 1 11 2 1 1
3 3 9

t x x x x x x= ⇔ + − = ⇔ + − + − =  

( ) 28 82 1
9 18

x x x x⇔ − = − ⇔ − = −   mni yk  
                   dUcenHsmIkarmanrws³ 0 1x x= ∨ = . 
 
 
 
 
 
 
               cMelIy 
eyIgmansmIkar³ ( )( ) 2. 5 2 3 3A x x x x+ − = +  
smIkarenHmann½ykalNa³ 3

0
x
x

≤ −⎡
⎢ ≥⎣

  smIkarenHeyIgGacsresr³ 

lMhat;TI22³ cUredaHRsaysmIkarxageRkam³
    ( )( ) 2. 5 2 3 3A x x x x+ − = +  
    ( ) ( ) ( )( )2 23 3 3. 2 7 3 7 2B x x x x− + + = + + −  
dkRsg;ecjBIkarRblgeRCIserIssisSBUEkTIRkugs‘agéhRbeTscin 
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( )2 23 10 3 3x x x x⇔ − + + = + eyIgtag³ 2 3 ; 0t x x t= + ≥  

enaHsmIkarxagelIeTACa³ 2 5
3 10 0

2
t

t t
t

= −⎡
+ − = ⇔ ⎢ =⎣

 minyk  

+ebI 2 2 1
2 3 2 3 4 0

4
x

t x x x x
x

=⎡
= ⇔ + = ⇔ + − = ⇒ ⎢ = −⎣

 

                 dUcenHsmIkarmanrws³ 1, 4x x= = − . 
eyIgmansmIkar³ ( ) ( ) ( )( )2 23 3 3. 2 7 3 7 2B x x x x− + + = + + −

eyIgtag³
33

3 3
33

2 2
9

77

a x a x
a b

b xb x

⎧ ⎧= − = −⎪ ⎪⇒ ⇒ + =⎨ ⎨
= +⎪= +⎪ ⎩⎩

 

enaHsmIkarxagelIeTACa³ 

( )( )

( )

2 22 2 2 2

2 23 3

3

33 3
9 39

3 3
23 3

a b aba b ab a b ab
a b a b ab a ba b

a b a b
aba b ab

⎧ + − =⎧ + − = ⎧ + − =⎪ ⎪⇔ ⇔ ⇔⎨ ⎨ ⎨+ + − = + =+ =⎪ ⎩⎩ ⎪⎩
+ =⎧ + =⎧⎪⇔ ⇔⎨ ⎨ =+ − = ⎩⎪⎩

 

enaHeyIg)an ,a b CarwsénsmIkarenaHtamEvüteyIg)ansmIkar³ 
2 1 1 2

3 2 0
2 2 1

X a a
X X

X b b
= = =⎡ ⎧ ⎧

− + = ⇒ ⇒ ∨⎨ ⎨⎢ = = =⎣ ⎩ ⎩
 

+cMeBaH
3

3

1 2 1 1
1

2 17 2

a x x
x

b xx

⎧= − = =⎧ ⎧⎪⇔ ⇒ ⇒ =⎨ ⎨ ⎨= =+ =⎩ ⎩⎪⎩
 

+cMeBaH
3

3

2 2 2 6
6

1 67 1

a x x
x

b xx

⎧= − = = −⎧ ⎧⎪⇔ ⇒ ⇒ = −⎨ ⎨ ⎨= = −+ =⎩ ⎩⎪⎩
 

                   dUcenHsmIkarmanrws³ 6; 1x x= − = . 
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                 cMelIy 
eyIgmansmIkar³ ( ) 2. 2 1 1 0A x x x x x x− − − − + − =  
smIkarenHmann½ykalNa³ 1 0 1x x− ≥ ⇒ ≥   
smIkarxagelIGacsresr³ ( ) ( ) ( )2

1 1 1 1 1 0x x x x⇔ − − + − − − =  
( ) ( )( )

( )

1 1 1 1 1 0

1 1

1 1 1 0

x x x x

x

x x x

⇔ − − − − − − =

⎡ − =
⎢⇔
⎢ − − − − =⎣

 

+cMeBaH 1 1 2x x− = ⇒ =  
+cMeBaH ( )1 1 1 0x x x− − − − = eyIgtag³                     

( )

( ) ( )

1 1 1 ; 1

1 2 1 2 1' 0 1
2 1 2 1 2 1

f x x x x

x x xf x
x x x x x

= − − − − ≥

− − +⇒ = − = < ∀ ≥
− − −

 

                   
        ( )max 1 1 0

0 1
f f
f x

⇒ = = − <
⇒ < ∀ ≥ mni ykeRBaHmni epÞogpaÞ t;lkxç NÐ

 

lMhat;TI23³ cUredaHRsaysmIkarxageRkam³
    ( ) 2. 2 1 1 0A x x x x x x− − − − + − =  
    2. 4 5 2 2 3B x x x+ + = +  
dkRsg;ecjBIviBaØasaRblgcUlmFümsikSakMritBIretotNam 
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          dUcenHeK)ansmIkarmanrws³ 2x = . 
eyIgmansmIkar³ 2. 4 5 2 2 3B x x x+ + = +  
smIkarenHmann½ykalNa³ 32 3 0

2
x x+ ≥ ⇒ ≥ −  

eyIgtag³ ( )2 212 3 ; 0 2 3 3
2

t x t t x x t= + ≥ ⇒ = + ⇒ = −  
enaHsmIkarxagelIeTACa³ ( ) ( )22 21 3 2 3 5 2

4
t t t− + − + =  

( )( )4 2 3 2

3 2

2 8 5 0 1 3 5 0

1
3 5 0 t 0

1

t t t t t t t

t
t t t

t

⇔ + − + = ⇔ − + + + =

=⎡
⇔ ⎢ + + + = ∀ ≥⎣
⇒ =

  minBitcMeBaH
 

+ebI 1 2 3 1 1t x x= ⇔ + = ⇒ = −  
                   dUcenHeK)ansmIkarmanrws³ 1x = − . 
 
 
 
 
 
 
               cMelIy  
eyIgmansmIkar³ 2 2. 4 2 3 4A x x x x+ − = + −  

lMhat;TI24³ cUredaHRsaysmIkarxageRkam³
2 2. 4 2 3 4A x x x x+ − = + −

( )2 2. 3 1 3 1B x x x x+ + = − +  
    dkRsg;ecjBIviBaØasaRblgsisSBUEk
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smIkarenHmann½ykalNa³ 2 2x− ≤ ≤ eyIgtag³

( )

2

2 2 2 2

4 ; 2 2
14 2 4 4 4
2

t x x t

t x x x x t

= + − ≤

⇒ = + − ⇒ − = −
 

eyIg)ansmIkarxagelIeTACa³ ( )2 232 4 3 2 8 0
2

t t t t= + − ⇔ − − =                     
4
3

2

t

t

⎡ = −⎢⇔
⎢

=⎣
 eyIgBinitücMeBaHkrNInImYy² 

+ebI 2 24 4 44 4
3 3 3

t x x x x= − ⇔ + − = − ⇔ − = − −  

2 2 2

42
34 40 2

3 3 2 14
8 16 8 20 34 2 0
3 9 3 3 14 2

3

x
x x

x
x x x x x

x

⎧− ≤ ≤ −⎪⎡ ⎧ ⎪− − ≥ − ≤ ≤ −⎢ ⎪ ⎡⎪ ⎪ − −⇔ ⇔ ⇔⎢ =⎨ ⎨⎢
⎢ ⎪ ⎪⎢− = + + + − =⎢ ⎪ ⎪⎣ ⎩ −⎢ =⎪⎢⎣⎩

  mnyki

 

+cMeBaH 2 22 4 2 4 2t x x x x= ⇔ + − = ⇔ − = −  

2 2

2
2 0

0
24 4 4

2

x
x x

x
xx x x

x

≤⎧
≤ =⎧ ⎡⎪⇔ ⇔ ⇔=⎡⎨ ⎨ ⎢ =− = − + ⎣⎢⎩ ⎪ =⎣⎩

 

             dUcenHsmIkarmanrws³ 2 140 2
3

x x x − −= ∨ = ∨ = . 
eyIgmansmIkar³ ( )2 2. 3 1 3 1B x x x x+ + = − +  
eyIgtag³ 2 2 21 1t x t x= + ⇒ = + enaHsmIkarxagelIeTACa³ 
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( )

( ) ( )

2

2 2

3 3 0

3 3
23 12 3

3 3 3
2

t x t x

x xt t x
x x x

x x tt

− + + =

+ + −⎡ =⎢ =⎡
Δ = + − = − ⇒ ⇔⎢ ⎢+ − + =⎣⎢ =⎢⎣

 

+ebI 2 21t x x x= ⇒ + =  mni Bti  
+ebI 23 1 9 2 2t x x= ⇔ + = ⇒ = ±  
              dUcenHsmIkarmanrws³ 2 2x = ± . 
 
 
 
 
 
                  
                 cMelIy 
eyIgmansmIkar³ ( )( ). 1 4 1 4 5A x x x x+ + − + + − =  
smIkarenHmann½ykalNa³ 1 4x− ≤ ≤  
eyIgtag³ ( )( )21 4 ; 0 5 2 1 4t x x t t x x= + + − > ⇒ = + + −  
enaHsmIkarxagelIeTACa³

2
2 55 5 2 15 0

32
ttt t t
t

= −⎡−+ = ⇔ + − = ⇔ ⎢ =⎣

  mni yk  

lMhat;TI25³cUredaHRsaysmIkarxageRkam³
    ( )( ). 1 4 1 4 5A x x x x+ + − + + − =  

3 3 32 2 2. 7 8 6 7 2 13 12 3B x x x x x x− + + − + − − − =  
dkRsg;ecjBIviBaØsaRblgRbECgenARbeTs)araMg1970 
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+ebI ( )( )3 1 4 3 5 2 1 4 9t x x x x= ⇔ + + − = ⇔ + + − =  
( )( ) 0

1 4 4
3

x
x x

x
=⎡

⇔ + − = ⇔ ⎢ =⎣
 

                  dUcenHsmIkarmanrws³ 0; 3x x= = . 
eyIgmansmIkar³ 3 3 32 2 2. 7 8 6 7 2 13 12 3B x x x x x x− + + − + − − − =  

eyIgtag³
3 2 3 2

3 2 3 2

3 23 2

7 8 7 8
6 8 6 8

2 13 122 13 12

a x x a x x
b x x b x x

c x xc x x

⎧ = − + ⎧ = − +⎪ ⎪⎪ = − + ⇒ = − +⎨ ⎨
⎪ ⎪ = − + += − − − ⎩⎪⎩

 

3 3 3 27a b c⇒ + + = edaysmIkaxagelI 3a b c+ + =  
( )3 27a b c⇔ + + = enaHeK)an³ ( ) 3 3 3a b c a b c+ + = + +  

( )( )( ) 0
a b

a b b c c a b c
c a

= −⎡
⎢⇔ + + + = ⇔ = −⎢
⎢ = −⎣

 

+ebI 2 2 2 27 8 6 7 7 8 6 7a b x x x x x x x x= − ⇔ − + = − + − ⇔ − + = − + −  
2

3
2 13 15 0 2

5

x
x x

x

⎡ =⎢⇔ − + = ⇔
⎢

=⎣
 

+ebI 3 32 26 7 2 13 12b c x x x x= − ⇔ − + = − −  
2 2 26 7 2 13 12 7 19 0

7 5 5
2

7 5 5
2

x x x x x x

x

x

⇔ − + = − − ⇔ − − =

⎡ −=⎢
⎢⇔
⎢ +=⎢⎣
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+ebI  2 2 22 13 12 7 8 6 20 0c a x x x x x x= − ⇔ − − = − + ⇔ − − =  
3 29

3 29

x

x

⎡ = −
⇔ ⎢

= +⎢⎣
 

     dUcenHsmIkarmanrws³ 3 7 5 5; 5; ; 3 29
2 2

x x x x±= = = = ± . 
 

 
 
 
 
                   
                 
 
                 cMelIy 
eyIgmansmIkar³ ( )3 3 2.10 8 3 6A x x x+ = − +  
smIkarenHmann½ykalNa³ 2x ≥  smIkarenHGacsresr³ 

( )( ) ( )2 210 2 2 4 3 6x x x x x⇔ + − + = − +  
eyIgtag³

2
2 2 2

2 22

2 0 2
6

2 42 4 0

a x a x
a b x x

b x xb x x

⎧ = + ≥ ⎧ = +⎪ ⎪⇒ ⇒ + = − +⎨ ⎨
= − +⎪= − + > ⎩⎪⎩

 

lMhat;TI26³ cUredaHRsaysmIkarxageRkam³
     ( )3 3 2.10 8 3 6A x x x+ = − +  
    ( ) ( )33 2 2. 1 2 1B x x x x+ − = −  
        dkRsg;BIlMhat;RblgenARbeTssUevot 
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enaHsmIkarxagelIeTACa³ ( )2 2 2 210 3 3 10 3 0 3
3

ba
ab a b a ab b

a b

⎡ =⎢= + ⇔ − + = ⇔
⎢

=⎣
 

+ebI ( )2 23 2 2 4 9 2 2 4
3
ba x x x x x x= ⇔ + = − + ⇔ + = − +  

2

11 177
211 14 0

11 177
2

x
x x

x

⎡ −=⎢
⎢⇔ − − = ⇔
⎢ +=⎢⎣

 

+ebI    ( )2 23 2 3 2 4 2 3 2 4a b x x x x x x= ⇔ + = − + ⇔ + = − +  
29 19 34 0x x⇔ − + = Kaμ nrsw  

                dUcenHsmIkamanrws³ 11 177
2

x ±= . 
eyIgmansmIkar³ ( ) ( )33 2 2. 1 2 1B x x x x+ − = −  
smIkarenHmann½ykalNa³ 21 0 1 1x x− ≥ ⇔ − ≤ ≤  
eyIgtag³ [ ]cos ; 0; sin 0x t t tπ= ∈ ⇒ ≥ enaHsmIkarxagelIeTACa³ 

( ) ( )33 2 2cos 1 cos cos 2 1 cost t t t+ − = −  

( )( )

3 3cos sin 2 cos .sin

cos sin 1 sin cos 2 sin cos

t t t t

t t t t t t

⇔ + =

⇔ + − =
 

eyIgtag³ sin cos 2 sin ; 0 ; 1, 2
4

y t t t t yπ π⎛ ⎞ ⎡ ⎤= + = + ≤ ≤ ∈ −⎜ ⎟ ⎣ ⎦⎝ ⎠
 

enaHsmIkarxagelIeTACa³
2 21 11 2 0
2 2

y yy
⎛ ⎞− −− − =⎜ ⎟
⎝ ⎠
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( ) ( )

( )( )

2 2

3 2

2

3 2 1 0

2 3 2 0

2 2 2 1 0

y y y

y y y

y y y

⇔ − − − =

⇔ + − − =

⇔ − + + =

 

             
2

2
2

2 1
2 2 1 0

2 1

y
y

y
y y

y

⎡ =
⎢⎡ =

⇔ ⇔ = − −⎢⎢
+ + = ⎢⎢⎣ = − +⎢⎣

minyk  

+ebI 2 2 sin 2 2
2 4

y t t kπ π π⎛ ⎞= ⇔ + = ⇔ = +⎜ ⎟⎝ ⎠
 

2cos
2

x t⇒ = =  

+ebI 2 1 2 sin 2 1 sin cos 1 2
2

y t t tπ⎛ ⎞= − + ⇔ + = − + ⇔ + = −⎜ ⎟⎝ ⎠
 

                     ( )2 2sin 1 cos 1t t x= − = −  

( )

( )

2
2 2

2

1 2
1 1 2

1 3 2 2 2 1 2

1 1 2 1 2 2 2 1
22 2 1 2 2 2 2 0

x
x x

x x x

x
x

x x

⎧ ≤ −⎪⇔ − = − − ⇔ ⎨
− = − − − +⎪⎩

⎧− ≤ ≤ − − − −⎪⇔ ⇔ =⎨
− − + − =⎪⎩

 

       dUcenHsmIkarmanrws³ 2 1 2 2 2 1
2 2

x x − − −= ∨ = . 
                                                      
        { kUnl¥sþab;Em: sisSBUEksþab;RKÚ} 
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                  cMelIy 
eyIgmansmIkar³

2

1 1 35.
121

A
x x

+ =
−

 

smIkarenHmann½ykalNa³ 1 1 0x x− < < ∨ ≠  
eyIgtag³ cos ;0

2
x t t t ππ= < < ∨ ≠  

enaHsmIkarxagelIeTACa³
2

1 1 35 1 1 35
cos 12 cos sin 121 cost t tt

+ = ⇔ + =
−

 

( ) ( )12 sin cos 35sin cos 0 *t t t t⇔ + − =  
eyIgtag³ sin cos ; 1 2 1y t t y y= + − < < ∨ ≠ enaHsmIkareTACa³ 

2
2

5
1 712 35 0 35 24 35 0

72
5

y
yy y y

y

⎡ = −⎢−− = ⇔ − − = ⇔ ⎢
⎢ =⎢⎣

 

+ebI 25 5 5sin cos 1
7 7 7

y t t x x= − ⇔ + = − ⇔ + − = −  

lMhat;TI27³ cUredaHRsaysmIkarxageRkam³

2

1 1 35.
121

A
x x

+ =
−

 

( ) ( )
2

3 32 2 1. 1 1 1 1
33
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2

2 2
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x
x x

x x x
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⇔ − = − − ⇔ ⎢

⎢ − = + +⎢⎣

 

2

51
5 737

10 24 142 0
7 49

x
x

x x
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⎪ + − =⎪⎩
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5 5 5
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2

2 2

2

7
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7 31
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x
x x

x x x

x x

x x x

⎧ ≤⎪⎪⇔ − = − ⇔ ⎨
⎪ − = − +⎪⎩

⎧ ⎡− < ≤ =⎪ ⎢⎪⇔ ⇒ ⎢⎨
⎢⎪ − + = =⎢⎪⎩ ⎣

 

        dUcenHsmIkarmanrws³ 5 73 3 4;
14 5 5
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eyIgmansmIkar³ ( ) ( )
2

3 32 2 1. 1 1 1 1
33
xB x x x −⎡ ⎤+ − + − − = +⎢ ⎥⎣ ⎦

 

smIkarenHmann½ykalNa³ 1 1x− ≤ ≤  
eyIgtag³ cos ;0 sin 0x t t tπ= ≤ ≤ ⇒ ≥ enaHsmIkarmann½ykalNa³ 

( ) ( )
2

3 32

3 3

2 1 cos1 1 cos 1 cos 1 cos
33

2 sin2 1 sin 2 cos sin
2 2 3 3

tt t t

t t tt

−⎡ ⎤+ − + − − = +⎢ ⎥⎣ ⎦
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2 sin2 2 cos sin cos sin 1 sin cos
2 2 2 2 2 2 3
t t t t t t t+⎛ ⎞⎛ ⎞⎛ ⎞⇔ + − + =⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

 

                     ( ) ( )
( )( )

12 6 cos 1 sin 2 sin
2

2 6 cos 2 sin 2 2 sin 0

2 sin 6 cos 1 0

1 1cos
6 6

t t t

t t t

t t

t x

⎛ ⎞⇔ + = +⎜ ⎟⎝ ⎠
⇔ + − + =

⇔ + − =

⇔ = ⇒ =

 

                  dUcenHsmIkarmanrws³ 1
6
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cMelIy 
eyIgmansmIkar³ 32 2. 1 2 1 3A x x− + − =  
smIkarenHmann½ykalNa³ 1 1x− ≤ ≤ eyIgtag³

sin ; sin 0
2 2

x t t tπ π= − ≤ ≤ ⇒ ≥ enaHsmIkarxagelIeTACa³ 
3 32 2 21 sin 2 1 sin 3 cos 2 cos 3 0t t t t− + − = ⇔ + − =  

eyIgtag³ 3 32 3 2 2cos ;0 1 cos cosy t y t y t y= ≤ ≤ ⇒ = ⇔ =  
enaHsmIkarenHeTACa³ ( )( )3 2 22 3 0 1 3 3 0y y y y y+ − = ⇔ − + + =  

lMhat;TI28³cUredaHRsaysmIkarxageRkam³
     32 2. 1 2 1 3A x x− + − =  
     6 4 2 2.64 112 56 7 2 1B x x x x− + − = −  
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1 cos 1 0y t x⇔ = ⇔ = ⇒ =  
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6 4 2 2

6 4 2

7 5 3

64cos 112cos 56cos 7 2 1 cos
64cos 112cos 56cos 7 2sin
64cos 112cos 56cos 7cos 2sin cos

t t t t
t t t t
t t t t t t

− + − = −
⇔ − + − =
⇔ − + − =

 

tamrUbmnþ³ 3cos3 4cos 3cost t t= − nig 3sin 3 3sin 4sint t t= −  
enaHeK)an³ ( ) 4 2cos 4 cos 3 8cos 8cos 1t t t t t= + = − +  
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5 3

6 4 2

7 5 3

cos5 cos 4 16cos 20cos 5cos

cos 6 cos 5 32cos 48cos 18cos 1

cos 7 cos 6 64cos 112cos 56cos 7 cos

t t t t t t

t t t t t t

t t t t t t t

= + = − +

= + = − + −

= + = − + −

 

enaHsmIkarxagelIeTACa³cos 7 sin 2 cos 2
2

t t tπ⎛ ⎞= = −⎜ ⎟⎝ ⎠
 

27 2 2
18 92

27 2 2
2 2 5

ktt t k

kt t k t

π ππ π

π π ππ

⎧⎡ = += − + ⎪⎢ ⎪⇔ ⇔⎢ ⎨
⎢ ⎪= − + = − +⎢ ⎪⎣ ⎩

 

+ebI 2 2 1 17;0 0
18 9 18 9 4 4

k kt t xπ π π ππ π= + ≤ ≤ ⇒ ≤ + ≤ ⇔ − ≤ ≤  

{ } 5 13 170;1;2;3;4 ; ; ; ;
18 18 2 18 18

m t π π π π π⎧ ⎫⇒ ∈ ⇒ ∈ ⎨ ⎬
⎩ ⎭

 

edaycos 0
2

t t π≠ ⇒ ≠ enaHcMelIyxagelIEdlepÞogpÞat;³ 
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5 13 17cos ; cos ; cos ; cos
18 18 18 18

x x x xπ π π π= = = =  
+ebI 2 2 1 11;0

2 5 2 5 4 4
k kt kπ π π π π= − + ≤ − + ≤ ⇔ ≤ ≤  

{ } 3 7 3 71;2 ; cos ; cos
10 10 10 10

m t x xπ π π π⎧ ⎫⇒ = ⇒ ∈ ⇒ = =⎨ ⎬
⎩ ⎭

 

dUcenHsmIkarmanrws³
3 5 7 13 17cos ; cos ; cos ; cos ; cos ; cos

18 10 18 10 18 18
x x x x x xπ π π π π π= = = = = = . 
 
 
 
 
 
               
                cMelIy 
eyIgmansmIkar³ 2 2 4 2. 3 1 1A x x x x+ − = − +  
smIkarenHmann½ykalNa³ 2 1 0 1x x− ≥ ⇔ ≥  
eyIgtag³ 1 ; 0; ;

cos 2 2
x t

t
π π π⎡ ⎞ ⎡ ⎞= ∈ ∪⎟ ⎟⎢ ⎢⎣ ⎠ ⎣ ⎠

enaHsmIkarxagelIeTACa³ 

2 2 4 2

1 1 1 13 1 1
cos cos cos cost t t t

+ − = − +  

lMhat;TI29³ cUredaHRsaysmIkarxageRkam³
     2 2 4 2. 3 1 1A x x x x+ − = − +  
    ( ) ( )4 4

2 2. 1 2 1 4 272B x x+ + + + − =  
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( ) ( )22 2 2

2 4 2

1 tan 3 tan 1 tan 1 tan 1

tan 3 tan 1 tan tan 1

t t t t

t t t t

⇔ + + = + − + +
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eyIgtag³ tan ; 0y t y= ≥ enaHsmIkarxagelIeTACa³ 
( )2 4 23 1 1 *y y y y+ + = + +  

eday³ ( )24 2 23 1 1y y y y+ + = + − ( )( )2 21 1y y y y= − + + +  
enaHsmIkar ( )* eTACa³

( ) ( ) ( )( )2 22 2 2 22 1 1 1 1y y y y y y y y+ + − − + = − + + +  

          
2 2

2 2

1 12 1
1 1

y y y y
y y y y

+ + − +⇔ − =
− + + +

 

eyIgtag³
2

2

1 0
1

y yu
y y

+ += >
− +

enaHsmIkarxagelIeTACa³ 

2
1

12 1 0 2 1 0 1
2

u
u u u

u u

=⎡
⎢− − = ⇔ − − = ⇒
⎢ = −
⎣

   mnyki  

+ebI
2

2

11 1 0 tan 0 0
1

y yu y t t t
y y

π+ += ⇔ = ⇔ = ⇒ = ⇒ = ∨ =
− +

 

1 1x x⇒ = ∨ = −  
              dUcenHsmIkarmanrws³ 1; 1x x= − = . 
eyIgmansmIkar³ ( ) ( )4 4

2 2. 1 2 1 4 272B x x+ + + + − =  
eyIgtag³ ( )tan ;

2
x t t k k IZπ π= ≠ + ∈ enaHsmIkareTACa³ 

( ) ( )4 4
2 21 tan 2 1 tan 4 272t t+ + + + − =  
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4 4
1 12 4 272

cos cost t
⎛ ⎞ ⎛ ⎞

⇔ + + − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 

eyIgtag³ 1 ; 1
cos

u u
t

= ≥ enaHsmIkarenHeTACa³ 

( ) ( ) ( )42 4 272 *u u+ + − = eyIgtag³ 1y u= − Edl
( ) ( )4 4 4 23 3 272 2 108 110 0y y y y+ − − = ⇔ + − =  

2

2

1
1 2110

2

y
y u

y

⎡ =
⎢⇔ ⇒ = ⇒ =⎢ = −⎢⎣
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2 2
2

1 4 1 tan 4 3 3
cos

t x x
t

⇒ = ⇒ + = ⇒ = ⇔ = ±  
              dUcenHsmIkrmanrws³ 3x = ± . 
 
 
 
 
 

              
          cMelIy 

eyIgmansmIkar³
2
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1 1 1 1 1

A
x x x

+ =
− − + + −

 

smIkarxagelImann½ykalNa³ 1 1x− < <  

lMhat;TI30³cUredaHRsaysmIkarxageRkam³
      

2

1 1 1.
1 1 1 1 1

A
x x x

+ =
− − + + −
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eyIgtag³ ( )cos ; 0;x t t π= ∈ enaHsmIkareTACa³ 

2

1 1 1
1 1 cos 1 1 cos 1 cost t t

+ =
− − + + −

 

                

1 1 1
sin1 2 sin 1 2 cos

2 2

2 2 cos sin
2 2 .sin 1

1 2 cos sin sin
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t t t

t t

t
t t t

⇔ + =
− +

⎛ ⎞+ −⎜ ⎟⎝ ⎠⇔ =
⎛ ⎞+ − −⎜ ⎟⎝ ⎠

 

eyIgtag³ cos sin 2 cos
2 2 2 4
t t ty π⎛ ⎞= − = +⎜ ⎟⎝ ⎠

eday 0 t π< < nig

( ) 2 21;1 1 sin sin 1y y t t y∈ − ⇒ = − ⇒ = − enaHsmIkarxagelIeTACa³ 
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( ) ( )( )
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2
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2

3 2 2

2
2

2 2 1
1 2 2 1 2 0

1 2 1

22 3 2 0 2 4 2 2 0
2

22 2
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2 02 4 2 0 2

y y
y y y y
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y y y y y
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yy y y

+ −
= ⇔ + − − − =

+ − −

⎛ ⎞
⇔ + − = ⇔ − + + =⎜ ⎟⎜ ⎟⎝ ⎠

⎡⎡ ⎡=⎢= =⎢ ⎢⇔ ⇔ ⇔⎢⎢ ⎢⎢⎢ ⎢+ =+ + = = −⎣ ⎣⎢⎣   mni yk

 

+eyIgtag³ 2 2 12 cos cos
2 2 4 2 2 4 2

t ty π π⎛ ⎞ ⎛ ⎞= ⇒ + = ⇔ + =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
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eday ( )0;
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t t ππ∈ ⇒ = enaH 3cos
2
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                  dUcenHsmIkarmanrws³ 3
2
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eyIgmansmIkar³
2
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xB x
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+ =
−

smIkarmann½ykalNa³ 1x >  

eyIgtag³ 1 ; 0; ;
cos 2 2

x t
t

π π π⎛ ⎞ ⎛ ⎞= ∈ ∪⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
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2

1 1
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cos 2 cos tan 21 1
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t t
t t t

t
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+cMeBaH 0
2

t π< < enaH tan 0t > smIkar ( ) 1 1 3 5*
cos sin 2t t

⇔ + =  
( ) ( )2 sin cos 3 5 sin cos **t t t t⇔ + = eyIgtag³ 

sin cos 2 sin
4

y t t t π⎛ ⎞= + = +⎜ ⎟⎝ ⎠
eday (0 1; 2

2
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enaHsmIkar ( )** eTACa³ ( )2 23 52 1 3 5 4 3 5 0
2

y y y y= − ⇔ − − =  
3
5
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53 5 5
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2 2

2

1 1 21 5 1 2 cos 0 1
5 2

0<t <x x t x
x x

π⎛ ⎞⇒ − = ⇒ − = ⇒ > ⇒ >⎜ ⎟⎝ ⎠
 eday  
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2
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2
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x x
x x x x

x x

⎡⎡ = =⎢⎢⇒ − = ⇔ − + = ⇔ ⇒ ⎢⎢
= ⎢⎢ =⎣ ⎣
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2
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( ) ( )1 1 3 5 2 sin cos 3 5 sin cos
cos sin 2

t t t t i
t t

⇔ − = ⇔ − =  

eyIgtag³ sin cos 2 sin
4

y t t t π⎛ ⎞= − = −⎜ ⎟⎝ ⎠
Edl1 2y< ≤  

tamsmIkar( )i eK)an³
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3
53 52 1 3 5 4 3 5 0
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y
y y y y

y
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⎢
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             dUcenHsmIkarmanrws³ 5 5
2

x x= ∨ = . 
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eyIgmansmIkar³ 2 2. 1 1 4 1 1 1 2 1 4A x x x
⎛ ⎞
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⎝ ⎠

smIkarenHmann½ykalNa³ 2
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x
x

x
>⎧
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lMhat;TI31³ cUredaHRsaysmIkarxageRkam
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⎛ ⎞
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⎝ ⎠
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eyIgtag³ 1 cos
2

x t= enaHsmIkarxagelIeTACa³ 

( )

( )
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2 2

2

2 1 1 cos cos 1 1 2 1 cos 0;
2

2 1 sin cos 1 1 2sin

2 sin cos cos sin cos sin 1 1 2sin
2 2 2 2 2 2

2 sin cos cos sin cos sin 1 1 2sin
2 2 2 2 2 2

t t t t

t t t

t t t t t t t

t t t t t t t

π⎛ ⎞⎡ ⎤⎛ ⎞+ − = + + − ∈⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠ ⎣ ⎦⎝ ⎠

⇔ + = + +

⎛ ⎞ ⎛ ⎞⎛ ⎞⇔ + = − + + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞⎛ ⎞⇔ + = − + + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

( )2 cos sin 1 1 2sin ; 0 cos sin 0
2 2 2 2 2
t t t tt t π⎛ ⎞ ⎛ ⎞⇔ = − + + ≤ ≤ ⇒ + >⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

eyIgtag³
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2 3 2 2 2 4 4 0
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y y y y y y

y y y y y y y

⇔ − = − ⇔ − − + =

⇔ − + − = ⇔ − + + = ⇒ =
 

+ebI 11 cos sin 1 0; 0
2 2 2 2
t ty t t xπ⎛ ⎞= ⇒ − = ⇒ = ≤ ≤ ⇒ =⎜ ⎟⎝ ⎠

 

                  dUcenHsmIkarmanrws³ 1
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eyIgmansmIkar³ 1 2 1 2. 1 2 1 2
1 2 1 2

x xB x x
x x

− +− + + = +
+ −

 

smIkarenHmann½ykalNa³ 1 1
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eyIgtag³ 1 cos
2

x t= enaHsmIkarxagelIeTACa³ 
1 cos 1 cos1 cos 1 cos
1 cos 1 cos

t tt t
t t

− +− + + = +
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2 sin cos tan cot
2 2 2 2
t t t t⎛ ⎞⇔ + = +⎜ ⎟⎝ ⎠

edaykñúg( )0 t π< < enaH 

eyIg)an³ sin ;cos ; tan ;cot
2 2 2 2
t t t t viC¢manenaHeK)an³ 

2 sin cos sin cos 1 0
2 2 2 2
t t t t⎛ ⎞⇔ + − =⎜ ⎟⎝ ⎠

eyIgtag³

sin cos ; 1; 2
2 2
t ty y ⎡ ⎤= + ∈ ⎣ ⎦ enaHsmIkarxagelIeTACa³ 
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2 sin cos 2 0
2 2 2

y y y y y

t ty t xπ

⇔ − − = ⇔ − + + =

⇔ = ⇒ + = ⇔ = ⇒ =
 

                      dUcenHsmIkarmanrws³ 0x = . 
                                   
{ KμannNamñak;EdlminCYbkarbraC½yeT EtRKan;EteKh‘an 

cab;epþImeLIgvijrWeT} 
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                                      cMelIy 
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⎝ ⎠ ⎝ ⎠
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α α α
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α
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{KμansubinNamYy ERbkøayCakarBiteT ebIsinCaGñkmin 

eRkakeLIgeFVIkar}. 
 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³100 

 
 
 
 
 
                 cMelIy 
eyIgmansmIkar³ . 1 1A ax ax x− − + =  
+ebI 0a = enaHeK)ansmIkarmanrwsgay 0x =  
+ebI 0a ≠ enaHsmIkarmanrwskalNa³ 1 0

1 1
1 0

ax
ax

ax
− ≥⎧

⇔ − ≤ ≤⎨ + ≥⎩
 

eyIgtag³ ( )cos 0ax α α π= ≤ ≤ enaHsmIkarxagelIeTACa³ 

( )

( )

cos1 cos 1 cos

2 sin cos cos sin cos sin
2 2 2 2 2 2

sin cos 2 sin cos 0
2 2 2 2

sin 0 1sin cos 0 2 42 2

sin cos 2 0 sin 2
2 2 2 4

a

a

a

a a

αα α

α α α α α α

α α α α

α πα α

α α α π

− − + =

⎛ ⎞ ⎛ ⎞⎛ ⎞⇔ − = − +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞⇔ − + + =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎡ ⎛ ⎞⎡ − =− = ⎜ ⎟⎢⎢ ⎝ ⎠⎢⇔ ⇔⎢
⎢ ⎛ ⎞⎢ + + = + = −⎢ ⎜ ⎟⎢⎣ ⎝ ⎠⎣

 

+cMeBaH    sin 0 2
2 4 2 4 2

k kα π α π ππ α π⎛ ⎞− = ⇔ − = ⇒ = +⎜ ⎟⎝ ⎠
 

lMhat;TI33³ cUredaHRsaysmIkarxageRkam³
      . 1 1A ax ax x− − + =  
      ( ).2 1B a x ax a x x a x+ − + = − + +  
  dkRsg;ecjBIkarRblgRbECgenAextþhWubIuénRbeTscin 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³101 

eday0 0
2

a xπα π≤ ≤ ⇒ = ⇒ =  

+cMeBaH sin
2 4

aα π⎛ ⎞+ = −⎜ ⎟⎝ ⎠
eday 30 0

2 2 4 2 4 4
α π π α π πα π≤ ≤ ⇒ ≤ ≤ ⇒ ≤ + ≤  

2 sin 1
2 2 4

α π⎛ ⎞⇒ ≤ + ≤⎜ ⎟⎝ ⎠
 

+ebI³
2 2

2 2
1

a a

a a a

⎡ ⎡
− < > −⎢ ⎢⇔⎢ ⎢
− > < −⎢ ⎢⎣ ⎣

enaHeyIgnigedaHRsaysmIkarenHelI 

BIkrNIxageRkam³ 
+krNITI1³ 1a = − enaHsmIkar)an 0

2
xπα = ⇒ =  

+krNITI2³ 21
2

a− ≤ ≤ − eyIgtag³ sina β− = enaHsmIkarxagelIeTA 

Ca³

2
2 4 2sin sin

32 4 2
2 4 2

sin 2 2sin cos
2sin cos

sin 2 2sin cos

a

a

ax
ax

ax

α π πβ βα π β
α π ππ β β

β β β
β β

β β β

⎡ ⎡+ = = −⎢ ⎢⎛ ⎞+ = ⇔ ⇔⎢ ⎢⎜ ⎟⎝ ⎠ ⎢ ⎢+ = − = −⎢ ⎢⎣ ⎣
= =⎡

⇒ ⇔ = ±⎢ = − = −⎣

 

eday sin aβ = − nig
2 2 2cos 1 2 1 2 1a ax a a x aβ = ± − ⇒ = ± − ⇔ = ± −  

    eyIgsnñidæan³ 

           +ebI
2

2
1

a

a

⎡
> −⎢

⎢
≤ −⎢⎣

enaHsmIkarmanrws³ 0x =  



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³102 

          +ebI 21
2

a− < ≤ − enaHsmIkarmanrws 22 1
0

x a
x

⎡ = ± −
⎢

=⎢⎣
 

eyIgmansmIkar³ ( ).2 1B a x ax a x x a x+ − + = − + +  

smIkarenHmann½ykalNa³
( )

0
0 0

0

a x
a x x a
x a x

⎧ + ≥
⎪ − ≥ ⇔ ≤ ≤⎨
⎪ + ≥⎩

 

+cMeBaH 0a = enaHsmIkar 22 0x x x x x− − = − ⇔ =  
+cMeBaH 0a > eyIgtag³ cos 0 0;

2
x a t t π⎡ ⎤= ≥ ⇒ ∈ ⎢ ⎥⎣ ⎦

enaHsmIkareTACa³ 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

( )

2

2

2

2 2

2

2 1 cos 1 cos 1 cos cos cos

4 1 cos 1 cos 4 1 cos 1 cos cos 1 cos

4 1 cos 1 cos cos 16 2 2 1 cos cos

32 1 cos 32 cos

1024 1 cos 1024 64cos cos

cos 0
1025cos 64cos 0 64cos

10

a t a t a t a t a a t

t t t t t t

t t t t t

t t

t t t

t
t t

t

+ − − = − + +

⇔ + + − − − = − + +

⇔ + − − = ⇔ − − =

⇔ − = −

⇔ − = − +

=
⇔ − = ⇔

=

0
64

25 1025

x
ax

=⎡ ⎡
⎢ ⎢⇔
⎢ ⎢ =
⎣ ⎣

 

                          snñidæanfa³ 
       +ebI 0a < enaHsmIkarKμanrws 
       +ebI 0a = enaHsmIkarmanrws 0x =  
           +ebI 0a > enaHsmIkar 640

1025
ax x= ∨ = . 

                                                 

 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³103 

 
               
 
 
                
              cMelIy 

edaHRsaysmIkarxageRkam³ 
  eyIgman³ 4 3 27 6 0x x x x+ - - + =  

( )( )3 21 2 5 6 0x x x xÛ - + - - =   

( )( )( )21 2 4 3 0x x x xÛ - - + + =  

enaHeyIg)an³ 

2

1
1

2
2

1
4 3 0 3

x
x

x
x

x
x x x

é =é ê=ê ê =ê êÛ = Ûê ê = -ê ê+ + =êë ê = -ë

 

        
 
 
    eyIgmansmIkar³ 4 4 1 0x x- - =  

 lMhat;TI34³ cUredaHRsaysmIkarxageRkam³
           A. 4 3 27 6 0x x x x+ - - + =  
 B. 4 4 1 0x x- - =  

 C.( ) ( )4 41 3 32x x+ + - =  

dkRsg;ecjBIkarRblgcUlsalaCan;x<s;visVkrsMNg;TIRkug Kiev 

    dUcenHsmIkarmanrws³{ }3, 1,1, 2− − . 
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  tamsMrayenHeKTaj)an³ 

( )( ) ( )( )2 2 2 2

a b c da b c d
a b a b c d c da b c d

ìì + = ++ = + ïïï ïÛí íï ï + - = - +- = -ï ïî î
 

2 2

2 2

a b c d a c a c
a b c d b d b d

ìì ì ï+ = + = =ï ïï ï ïÛ Û Ûí í íï ï ï- = - = =ï ïî î ïî
 

2 2

2 2

2 1 2 2 3 2
2

23 2 2
x x x x

x
xx x x x

ì ìï - = + + = -ïï ïÛ Û Û = -í íï ï = -- - = - + ïîïî
 

 
   

 
eyIgmansmIkar³

3 3

3 3

10 8 9
10 8

x x x
x x

- + - = -
- - -

    

    dUcenHsmIkarmanrws³ 2x = -  
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  eyIgtag³ 

( )

3 3 3
3

3 3 33

10 18 210
18 98
2

a x a b xa x
b x a b xb x

ìï = - Þ + = -ì ïï = - ïï Þí íï ï = - Þ + = -= -ï ïî ïî

 

  enaHeK)an³ 3 3 2a b- =  

 enaHsmIkarxagelIeTACa³ 
( )

3 3

3 3

2
1
2

a b
a b a b
a b

ìï - =ïïí +ï = +ïï -î

 

 
( ) ( )( )( )
3 3

2 2

2

2

a b

a b a b a b a ab b

ìï - =ïïíï + = - + - +ïïî
 

 ( )
( )( ) ( )

3 33 3

2 2

22
20

a ba b
I v II

a b a ab ba b

ìïì - =ï - = ïï ïÛ í íï ï - - + =+ =ï ïî ïî
 

 +cMeBaH ( )
33 3

3

1 10 12
1 8 1

a xa b
I

bb a x

ìì ïì = - =ï - = ï ïï ïÛ Ûí í íï ï ï= -= - - = -ïîï ïî î
 

   
3

9
9

8 1

x
x

x

ì =ïïÛ Û =íï - = -ïî
 

 +cMeBaH

( )
( )( ) ( )( )

3 3

2 2 3 3 2 2

3 3 3 3

2 2 2 2

2

2 2
0

a b
II

a b a ab b a b a b a ab b

a b a b
aba ab b a ab b

ìï - =ïïíï - - + = - = - + +ïïî
ì ìï - = ï - =ï ïÛ Ûí íï ï =- + = + +ï ïîî
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3 3 3 32 2
0 0

a b a b
V

a b

ì ìï ï- = - =ï ïÛ í íï ï= =ï ïî î
 

3 3 10 22 2
10 8

8 00 2
xb a

V x x
xa b

ì ì ì - =ï ï= = ïï ï ïÛ Û Û = Ú =í í íï ï ï - == = ïîï ïî î
 

  
  

 
 
 
 
 

 
             cMelIy 
 eyIgmansmIkar³ 

( ) ( ) ( )2 3 3 244 4 41 1 1 1x x x x x x x x+ - + - = - + + -  
cMMeBaH³0 1x£ £ eyIgtag³   

44
4 4

44

0
1

11 0

a x a x
a b

b xb x

ì ìï ï= ³ =ï ïÞ Þ + =í íï ï = -= - ³ï ïîî
 

 smIkarxagelIeTACa³ 

 dUcenHeK)ansmIkarmanrws³ }{8;9;10x Î  

  lMhat;TI39³ cUredaHRsaysmIkarxageRkam³
( ) ( ) ( )2 3 3 244 4 41 1 1 1x x x x x x x x+ - + - = - + + -  

( ) ( )( )3 32 21 1 1 1 2 1x x x x+ - + - - = + -  
( )( )1 1 3 2 1 3 4 2x x x x- + - + - + = -  

       dkRsg;ecjBIviBaØasaRblgsisSBUEkGnþrCati1971 
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( )

4 4

2 2 3 2 3 2

4 4

2 2 3 3

1

1
0

a b
a ab b b a a b

a b
a b ab b a b a

ìï + =ïíï + + = + +ïî
ìï + =ïÛ íï - + - + - =ïî

 

( )( )
4 4

2 2

1

2 0

a b

b a b a ab a b

ìï + =ïïÛ íï - + + - - =ïïî
 

       ( )
( ) ( )

( )
4 44 4

2

11
0

a ba b
I II

b a a b a b

ìïì + =ï + = ïï ïÛ Úí íï ï= + - + =ï ïî ïî
 

+cMeBaH³( ) 4 4

1
1 12

12 21
2

x
I a b x

x

ìïï =ïïïÛ = = Û Û =íïï - =ïïïî

 

 +cMeBaH³( )
( )( )

4 4 4 41 1
1 0 1

a b a b
II

a b a b a b

ì ìï + = ï + =ï ïÛ Ûí íï ï+ + - = + =ï ïîî
 

( ) ( )
22 22 2 2 2

2 2

2 2 1 1 2 2 1
11

2 02 4 0
1 11

a b ab a b ab a b
a ba b

ab aba b ab
a b a ba b

ìï é ù ìïï + - - = - - =ïï ê úë ûÛ Ûí íï ï + =ï ï+ = îïî
ì ì ì= =ï - = ï ïï ï ïÛ Û Úí í íï ï ï+ = + =+ = ï ïî îïî

 

 +eyIgman³ 2
1

ab
a b

ì =ïïíï + =ïî
tamEvütenaH³ 

vaCaplbUkrwsnigplKuNrws 
énsmIkar³ 2 2 0x x- + = K μanrwsén x . 
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+eyIgman³
0 0 0

0 1
1 1 1

ab a b
x x

a b b a
ì ì ì= = =ï ï ïï ï ïÚ Ú Û = Ú =í í íï ï ï+ = = =ï ï ïî î î

 

  
 

 
eyIgmansmIkar³ 

( ) ( )( )3 32 21 1 1 1 2 1x x x x+ - + - - = + -  
  cMeBaH³ 1 1x- £ £  
   eyIgnigedaHRsaysmIkarenHcMeBaHBIrkrNIxageRkam³ 
  +krNITI1³  
  eyIgtag³ [ ]cos ; 0; sin 0x a a p a= Î Þ ³  
  enaHsmIkarxagelIeTACa³ 

( ) ( )( )3 32 2

3 3

1 1 cos 1 cos 1 cos 2 1 cos

1 sin 2 2 cos sin 2 sin
2 2

2 2 cos sin cos sin 1 cos sin 2 sin
2 2 2 2 2 2

a a a a

a aa a

a a a a a a a

+ - + - - = + -

é ùæ ö÷çê úÛ + - = +÷ç ÷çê úè øë û
æ öæ öæ ö÷ ÷ ÷ç ç çÛ + - + = +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè øè øè ø

 

  dUcenHeK)ansMnuMcMelIy³ 10; ;1
2

ì üï ïï ïí ýï ïï ïî þ
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( ) ( )
( )( )

2 cos 2 sin 2 sin 0

2 sin 2 cos 1 0

a a a

a a

Û + - + =

Û + - =
 

 1 1 2cos
22 2

xaÛ = Þ = =  

 +krNITI2³eyIgtag³ 1
;

1

a x

b x

ìï = +ïíï = -ïî
 

eyIg)an³ 2 20 , 2 2a b a b£ £ Þ + =  

 enaHsmIkarxagelIGacsresr³ 
( )

2 2

3 3

2

1 2

a b

ab a b ab

ìï + =ïïíï + - = +ïïî
 

  
( )( )

2 2

2 2

2

1 2

a b

ab a b a b ab ab

ìï + =ïïÛ íï + - + + = +ïïî
 

           
( )( ) ( )

2 2 2

1 2 2 0

a b

ab a b ab ab

ìï + =ïÛ íï + - + - + =ïî
 

            
( ) ( )

2 2 2

2 1 1 0

a b

ab ab a b

ìï + =ïïÛ í é ùï + + - - =ï ê úë ûïî

 

( )
( )

( )
2 22 2 22

2 0 1 1

a ba b
I II

ab ab a b

ìì ï + =ï + = ïïÛ Úí íï ï+ = + - =ï ïî î
 

 +cMeBaH( )
( ) ( )2 2

2 2

2 2 2

ab ab
I

a b ab a b

ì ì= - = -ï ïï ïÛ Ûí íï ï+ - = + = -ï ïî î
 

  minykeRBaH³ 0 , 2a b£ £  
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       +cMeBaH 

( )
( )( ) ( )( )

( )
2 2 2 2

2 2

2 2
*

1 2 1 1 2 2 1

a b a b
II

ab a b ab ab ab

ì ìï + = ï + =ïï ïÛ Ûí íï ï- + - = + - =ï ïîïî
eyIgtag³ y ab= enaH( )* ( )( ) ( )1 2 2 1 0y y yÛ + - = ³  

 
( )2

2 2

12 1 1
2

1 1 1 11 1
22 2 2

y y

ab x x x

Û - = Û =

Û = Û - = Û - = Û = ±
 

   
 

  eyIgmansmIkar³ ( )( )1 1 3 2 1 3 4 2x x x x- + - + - + = -  

 smIkarenHmann½ykalNa³ 1 0
1 2

4 2 0
x

x
x

ì - ³ïï Û £ £íï - ³ïî
 

  eyIgtag³    
2

2 2
2

1 0 1
2 2

33 0

u x u x
x u v

v xv x

ì ìï ï= - ³ = -ï ïÞ Þ = + -í íï ï = += + ³ï ïîî
 

( )2 2

2 2

2 6 *

4

u v uv u v

u v

ìï + + + + =ïÛ íï - = -ïî
 

( )
( )( )

2 6 0

4

u v u v

u v u v

ìï + + + - =ïïÛ íï - - = -ïïî
 

      eyIgtag³ ; 0a u v a= + ³  

 dUcenHeK)ansmIkarxagelImanrws³ 1
2

x =  
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      enaHsmIkar( )* eTACa³ 
2 6 0 2 2a a a u v+ - = Û = Þ + =  

 eKTaj)an³ 
2 0 0 1 0

2 2 2 3 2
1

u v u u x
u v v v x

x

ìïì ì ì+ = = = - =ï ï ï ïï ï ïÛ Û Ûí í í íï ï ï ï- = - = = + =ï ï ïî î î ïî
Û =

 

    
                                            
                                                    
{karlM)aknaMeGayeyIgecHs‘URTaM kars‘URTaMnaeGayeyIgecH 

Gt;Fμt; karGt;Fμt;naMeGayeyIgmanesckþIsgÇwm}. 
 

 
 
 
 
                                          cMelIy 
eyIgmansmIkar³( ) ( ) ( )

2 22 1 2 1 1012 3 2 3
10 2 3

x x x x− + − −
+ + − =

−
 

  dUcenHsmIkarmanrws³ 1x =

lMhat;TI1³cUredaHRsaysmIkarxageRkam³

( ) ( ) ( )
2 22 1 2 1 1012 3 2 3

10 2 3

x x x x− + − −
+ + − =

−
 

   dkRsg;ecjBIkarRblgcUlsalabec©keTsTIRkugmUsÁÚ 
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( )( ) ( )
( )

( ) ( )

2

2

2 2

2
2

2 2

2 3 1012 3 2 3
2 3 10 2 3

1012 3 2 3
10

x x
x x

x x x x

−
−

− −

−
⇔ + + + =

− −

⇔ + + − =

 

eday( )( )2 3 2 3 4 3 1+ − = − = enaHeyIgtag³ 

( ) ( )
2 22 212 3 ; 0 2 3

x x x x
t t

t
− −

= + > ⇒ = − enaHsmIkareTACa³ 

( ) ( )

2

2 2

1 101 10 101 10 0
10

101 99 10
20101 4.10.10 99

101 99 1
20 10

t t t
t

t

t

+ = ⇔ − + =

+⎡ = =⎢
Δ = − = ⇒ ⎢

−⎢ = =⎢⎣

 

+ebI   ( )
2 2

2
2 3

10 2 3 10 2 log 10
x x

t x x
−

+
= ⇔ + = ⇒ − =  

( )
2 12 0

log 2 3
x x⇔ − − =

+
 

( )
( )

( )
( )

( ) ( )2 3

log 2 3 1 log10 2 31' 1 log 10 2 3
log 2 3 log 2 3 log 2 3 +

+ + +
Δ = + = = = +

+ + +  

( )2 3
1 log 10 2 3x

+
⇒ = ± +  

+ebI ( )
2 2

1 2
2 3

1 2 3 10 2 log 10
10

x x
t x x

−
−

+
= ⇒ + = ⇒ − = −  

2
2 32 log 10 0x x

+
⇔ − + = K μanrwseRBaH 2 3

log 10 1
+

> . 
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      dUcenHsmIkarmanrws³ ( )2 3
1 log 10 2 3x

+
= ± +  . 

                                                 

 
 
 
 
                cMelIy 
           eyIgmansmIkar³                   

( ) ( )( ) ( )7 5 2 2 5 3 2 2 3 1 2 1 2 0
x x x

+ + − + + + + − =  
( ) ( )3 3
1 2 1 3 2 3.2 2 7 5 2+ = + + + = +  

eday( )2
1 2 1 2 2 2 3 2 2+ = + + = + eyIgtag³

( )1 2 , 0
x

t t= + > enaHeK)an³ ( )2 3 2
x

t = + nig ( )3 7 5 2
x

t = +  
enaHsmIkarxagelIeTACa³ ( )3 22 5 3 1 2 0t t t+ − + + − =  

             
( ) ( )

( )

2

2

1 2 4 2 1 0

1 0

2 4 2 1 0

t t t

t

t t

⎡ ⎤⇔ − + − + − =⎣ ⎦
− =⎡

⎢⇔
+ − + − =⎢⎣

 

+ebI ( )1 0 1 1 2 1 0
x

t t x− = ⇒ = ⇔ + = ⇒ =  
+ebI ( )2 2 4 2 1 0t t+ − + − = man ( ) ( )2

2 4 4 2 1Δ = − − −  

lMhat;TI2³cUredaHRsaysmIkarxageRkam³
   ( ) ( )( ) ( )7 5 2 2 5 3 2 2 3 1 2 1 2 0

x x x

+ + − + + + + − =  
              RblgcUlKruviCa¢Can;x<s; KOLOMEN 
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( )2

2 16 8 2 4 2 4

22 12 2 2 3 2

= + − − +

= − = −

4 2 2 3 2 1 2
2

4 2 2 3 2 3 2 2
2

t

t

⎡ − − += = +⎢
⎢⇔
⎢ − + −= = −⎢⎣

 

+ebI ( )1 2 1 2 1 2 1
x

t x= + ⇒ + = − ⇒ =  
+ebI ( ) ( )2 2

3 2 2 1 2 1 2t
−

= − = − = +  

( ) ( ) 2
1 2 1 2 2

x
x

−
⇒ + = + ⇒ = −  
             dUcenHsmIkarmanrws³ 1; 0; 1x x x= − = = . 
 
 
 
 

 
                 cMelIy 
eyIgmansmIkar³( ) ( )5 2 7 8 5 2 7 7 0

x x

− − + + =  

eday( )( )5 2 7 5 2 7 50 49 1− + = − =  

eyIgtag³ ( )5 2 7 ; 0
x

t t= − > enaHeK)an³ ( )1 5 2 7
x

t
= +  

enaHsmIkarxagelIeTACa³ 28 7 0 7 8 0t t t
t

− + = ⇔ + − =  

lMhat;TI3³ cUredaHRsaysmIkarxageRkam³
        ( ) ( )5 2 7 8 5 2 7 7 0

x x

− − + + =  
    RblgcUlviTüasßanBhubec©keTsénTIRkug KIEV 
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( )
1

8 0
t
t

=⎡
⇒ ⎢ = − <⎣ ecal enaH ( )1 5 2 7 1 0

x

t x= ⇒ − = ⇔ =  

                        dUcenHsmIkarmanrws³ 0x = . 
 
 
 
 

cMelIy 
eyIgmansmIkar³ 5 7 93 3 3 45,5 22,75 11,375 .....x x x− − −+ + = + + +  
eyIgtag³ 45,5 22,75 11,375 .....S = + + + CaplbUksVIútFrNImaRt 
mantYminkMnt;ehIymantYTI1Edltageday³ 1 45,5u = nigmanersugtag 
eday³ 10,5 1

2
q = = < tamrUbmnþplbUksVIútFrNImaRtenaHeK)an³ 

 1 45,5 9111 1
2

uS
q

= = =
− −

enaHsmIkarkøayeTACa³ 

( )5 7 9 9 4 2

9 9

3 3 3 91 3 3 3 1 91

3 .91 91 3 1 9 0 9

x x x x

x x x x

− − − −

− −

+ + = ⇔ + + =

⇔ = ⇔ = ⇒ − = ⇒ =
 

               dUcenHsmIkarmanrws³ 9x = . 
                                                

 

lMhat;TI4³ cUredaHRsaysmIkarxageRkam³
      5 7 93 3 3 45,5 22,75 11,375 .....x x x− − −+ + = + + +  
 dkRsg;ecjBIkarRblgcUlsalaCan;x<s;Gakascr KAZAN 
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{ braC½y KWCa»kasedIm,IbnþkargareGayxYrk,alévqøatCag      
mun}.  Henry Ford. 

 
 
 
                  
                cMelIy 

eyIgmansmIkar³ x xx x= enaHsmIkarenHGacsresr³ 2
x

xx x=  
eyIgGnuvtþn¾rUbmnþ³ 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

0

1 0
U x V x f x

f x f x
f x U x V x

⎧ >⎪⎡ ⎤ = ⎡ ⎤ ⇔ ⎨⎣ ⎦ ⎣ ⎦ ⎡ − ⎤ ⎡ − ⎤ =⎪⎣ ⎦ ⎣ ⎦⎩
 

enaHeyIg)an³ ( )
2

0

1 0
2

x
x

x
x x xx x

>⎧
⎪= ⇔ ⎨ ⎛ ⎞− − =⎜ ⎟⎪ ⎝ ⎠⎩

 

         +ebI 1 0 1x x− = ⇒ =  
         +ebI

2

0
2 2 4
x x xx x x− = ⇔ = ⇔ =  

               
0

0
4 1 0 4

4

x
xx x x x

=⎡
⎛ ⎞ ⎢⇔ − = ⇒⎜ ⎟ ⎢ − = ⇒ =⎝ ⎠

⎣
 

                  dUcenHsmIkarmanrws³ 1; 4x x= = . 
               

lMhat;TI5³ cUredaHRsaysmIkarxageRkam³

                       
x xx x=  

 dkRsg;ecjBIviBaØasaRblgsisSBUEkevotNam 1981 
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cMelIy 

eyIgmansmIkar³ ( )
2

1 1
3 22 2 4

x
x x

−
+⎡ ⎤

=⎢ ⎥
⎢ ⎥⎣ ⎦

 

smIkarenHmann½ykalNa³ 0x ≥ enaHsmIkarxagelIGacsresr³ 
( ) ( )

2 31 22 3 1 1 22 112 2 4 2 4 2
x

x x x xx xx

+⎛ ⎞⎛ ⎞ ++ ⎜ ⎟⎜ ⎟ − −−− ⎝ ⎠⎝ ⎠+ = ⇔ = =  

( )
( ) ( )2

2 3 2 3 3 2
1

5 2 3 0 2 5 3 0

x x x x x
x x

x x x x

+ +⇔ = ⇒ + = −
−

⇒ − + = ⇒ − + + =

 

eyIgtag³ ; 0t x t= > enaHsmIkarxagelIeTACa³ 22 5 3 0t t− + + =  
1

25 24 49 2
3

t

t

⎡ = −⎢Δ = + = ⇒
⎢

=⎣

    minyk  

+cMeBaH 3 3 9t x x= ⇒ = ⇒ =  

lMhat;TI6³ cUredaHRsaysmIkarxageRkam³

              ( )
2

1 1
3 22 2 4

x
x x

−
+⎡ ⎤

=⎢ ⎥
⎢ ⎥⎣ ⎦

 

   dkRsg;ecjBIviBaØasaeRCIserIsénRbeTsevotNam 
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                         dUcenHsmIkarmanrws³ 9x = . 
 
 
 

 
   cMelIy 

eyIgmansmIkar³( ) ( )3 33 8 3 8 2,5
x x

− + + =  

eday( )( )3 33 8 3 8 1− + = eyIgtag³

( ) ( )3 313 8 3 8
x x

t
t

= + ⇒ = − enaHsmIkarxagelIeTACa³ 

( ) ( )

2 2

2

1 2,5 2,5 1 0 2 5 2 0

5 3 1
4 25 4. 2.2 9

5 3 2
4

t t t t t
t

t

t

+ = ⇔ − + = ⇔ − + =

−⎡ = =⎢
Δ = − − = ⇒ ⎢

+⎢ = =⎢⎣

 

+ebI ( )3
3 8 3 8

1 1 1 13 8 log 3log
2 2 3 2 2

x xt x
+ +

= ⇒ + = ⇔ = ⇒ =  

+ebI ( )3
3 8 3 8

2 3 8 2 log 2 3log 2
3

x xt x
+ +

= ⇒ + = ⇒ = ⇒ =  

dUcenHsmIkarmanrws³
3 8 3 8

13log , 3log 2
2

x x
+ +

= = . 
                                                      

lMhat;TI7³ cUredaHRsaysmIkarxageRkam³
          ( ) ( )3 33 8 3 8 2,5

x x

− + + =  
    dkRsg;ecjBIviBaØsaRblgcUl IARASLAV 
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{BnøWCIvitBitCaviC¢a BnøWkargarBitCatMerH ebImancMeNH eTaH 
ecarxMlYcRblHk¾min)anEdr}. 

 
 
 
                  
eyIgmansmIkar³  1 2 3 1 2 32 2 2 2 3 3 3 3x x x x x x x x+ + + + + ++ + + = + + +  

                 
2 3 2 3

2
3

2 1 2 2 2 3 1 3 3 3

2 .15 3 .40

2 40 8 8log
3 15 3 3

x x

x x

x

x

⎡ ⎤ ⎡ ⎤⇔ + + + = + + +⎣ ⎦ ⎣ ⎦
⇔ =

⎛ ⎞⇔ = = ⇒ =⎜ ⎟⎝ ⎠

 

                             dUcenHsmIkarmanrws³ 2
3

8log
3

x = . 
                                                  

 
 
 
 
 
               cMelIy 

lMhat;TI8³ cUredaHRsaysmIkarxageRkam³
     1 2 3 1 2 32 2 2 2 3 3 3 3x x x x x x x x+ + + + + ++ + + = + + +  
          dkRsg;ecjBIkarRblgcUlviTüasßan IAROSLAV 

lMhat;TI9³ kMNt;tMél a edIm,IeGayvismIkar³
2

2 2 22 log 2 1 log 2 1 log 0
1 1 1

a a ax x
a a a

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + + − + >⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 

 dkRsg;ecjBIviBaØasacMruHkñúgkarRblgcUlsalaGKÁisnI NOVOZIBIR 
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vismIkarenHmann½ykalNa³ 0 1 0
1

a a a
a

> ⇔ < − ∨ >
+

 

eyIgtag³ 2 21 log log 1
1 1

a at t
a a

= + ⇒ = −
+ +

enaHvismIkareTACa³ 
                           ( ) ( )23 2 2 0 *t x tx t− + − >  
+cMeBaH 3t = enaHsmIkar( )* eTACa³6 6 0 1x x− > ⇒ > minBit x∀  
+cMeBaH 3t ≠ enaHsmIkar( )* Bit x∀ luHRtaEt³ 

( )2 2

33 0
' 0 ' 2 3 6 0

tt
t t t t t

<⎧− >⎧ ⎪⇔⎨ ⎨Δ < Δ = + − = − + <⎪⎩ ⎩
 

dUcenHeyIg)an³ 
2 2

11 log 0 log 1 0
1 1 1 2

0 1

a a a
a a a

a

+ < ⇔ < − ⇔ < <
+ + +

⇔ < <
 

   dUcenHedIm,IeGaysmIkarepÞogpÞat; x∀ luHRtaEt³ 0 1a< < . 
 
                                              

 
 
 
 
                 cMelIy 
          eyIgmansvismIkar³ ( ) 12

log 2 log 2
xx x ++ −

≤  

lMhat;TI10³cUredaHRsayvismIkarxageRkam³
            ( ) 12

log 2 log 2
xx x ++ −

≤  
    dkRsg;ecjBIkarRblgcUlmhaviTüal½yevotNam 
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vismIkarenHmann½ykalNa³           

( )2

0
0

1 1
log 2 0

2 1

x
x

x
x x

x x

≥⎧ >⎧⎪ ⎪+ ≠ ⇔⎨ ⎨ + − ≠⎪ ⎪⎩+ − ≠⎩

 

eyIgGnuvtþn¾rUbmnþelakarIt³ 1log
loga

b

b
a

= enaHvismIkareTACa³ 

              ( ) ( )
22

1 1 *
log 1log 2 xx x

≤
++ −

 

+cMeBaH 0x > enaH 1 0x + > nig 1 1x + > enaH 2log 1 0x + >  
 ebI ( )2log 2 0x x+ − < rW ( )2 2log 2 log 1x x+ − <  

                           
2 1

2 2 1
12 1
4

x x

x x x

x x

⇔ + < +

⇔ + < + +

⇔ > ⇒ >

 

 ebI ( )2log 2 0x x+ − > rW 1
4

x < enaHeyIg)an³ 
( )

( )

2 2

2

log 2 log 1

2 1

2 2 2 2 1

1 2 2

x x x

x x x

x x x x

x x x

+ − ≥ +

⇔ + − ≥ +

⇔ + − + ≥ +

⇔ + ≥ +

 

2 2

2

2 1 4 8

3 123 6 1 0 0
3

x x x x

x x x

⇔ + + ≥ +

− +⇔ + − ≤ ⇒ < <
 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³131 

dUcenHvismIkarmancMelIy³ 3 120
3

x − +< < . 
                                                   

 
 
 
 
             

                  cMelIy 
eyIgmansmIikar³ 2 3log log 3 2

1 1
1 1 1

x xx

x x x

+ + =
−

+ − + +

 

smIkarenHmann½ykalNa³ 0x >  
eday³ 1 1 2 2 2

1 1 21 1 1 1
1 1 1 1

x
xx x

xx x

− = ⇒ = =
+ − + + −

+ − + +

 

enaHsmIkarxagelIeTACa³ 2 3log log 3x xx x+ + =  
( )
( )

2 3

2

log log 3 log log

log 3log 3 log log

x x x x

x x x x

⇔ + + =

⇔ + + =
 

( )2
2

log 0
log 3log 2 log 0

log 3log 2 0
x

x x x
x x
=⎡

⇔ + + = ⇔ ⎢ + + =⎣
 

lMhat;TI11³ cUredaHRsaysmIkarxageRkam³
    2 3log log 3 2

1 1
1 1 1

x xx

x x x

+ + =
−

+ − + +

 

          dkRsg;ecjBIviBaØasaeRCIserIsevotNam 
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1log 0
1log 1

10
log 2 1

100

xx
x x
x

x

⎡
⎢ ==⎡ ⎢

⎢ ⎢⇔ = − ⇒ =⎢ ⎢
⎢ = − ⎢⎣

⎢ =
⎣

 

dUcenHsmIkarmanrws³ 1 1; ; 1
100 10

x x x= = = . 
                                         

 
 
 
 
 
 
             cMelIy 

eyIgmansmIkar³

( )
2 2

22 2

1 11 1 112 2 log 2 2
91 11 1

2 2

x x
x x x x
x x
x x

+ ++ − −
= − + + −

+ ++ + −
 

smIkarenHmann½yluHRtaEt³ 0x > eyIgtag³ 

lMhat;TI11³ cUredaHRsaysmIkarxageRkam³

( )
2 2

22 2

1 11 1 112 2 log 2 2
91 11 1

2 2

x x
x x x x
x x
x x

+ ++ − −
= − + + −

+ ++ + −
 

      dkRsg;ecjBIviBaØasaeRtomRblgsisSBUEkevotNam 
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( )

2 2

2 2

1 11 1
2 2

1 11 1
2 2

x x
x xf x
x x
x x

+ ++ − −
=

+ ++ + −
 nig ( ) ( )2

11log 2 2
9

g x x x= − + + −  

+cMeBaH ( )

2 2

2 2

1 11 1
2 2

1 11 1
2 2

x x
x xf x
x x
x x

+ ++ − −
=

+ ++ + −
eyIgGacsresr³ 

( )
( ) ( )

( ) ( )

2 2

2 2

1 1
1 12 2
1 11 1

2 2

x x
x xx xf x
x xx x

x x

+ −
− + − −

= =
+ + −+ −

+

 

                                                
0 < x 1

1 x 1

x

x

≤⎡
⎢=
⎢ >
⎣

eb I   

eb I  
 

+cMeBaH ( ) ( )2
11log 2 2
9

g x x x= − + + − enaHeyIg)an³ 

            ( )
2

7 2
9

2log 2
9

x
g x

x x

⎡ ≤⎢
= ⎢

⎢ − >⎢⎣
    

ebI

ebI
 

+ebI 0 1x< ≤ enaHeyIg)an³ ( ) ( ) 7
9

f x g x x= ⇔ = Bit 

+ebI 1 2x< < enaHeyIg)an³ ( ) ( ) 1 7 9
9 7

f x g x x
x

= ⇔ = ⇒ = Bit 

+ebI 2x ≥ enaHeyIg)an³ ( ) ( ) 2
1 2log

9
f x g x x

x
= ⇔ = −  
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1 2 1 2 13 1
9 2 9 18x

⇔ + ≤ + = < minBiteRBaH 2log 1x ≥  

            dUcenHsmIkarmanrws³ 7 9;
9 7

x x= = . 
                                               

 
 
 
 
               cMelIy 
eyIgmanvismIkar³ ( ) ( )2 5 24 5 7 5 7x x x+ − − ≥ +  
vismIkarenHmann½ykalNa³ 55 7 0 5 7 log 7x x x− ≥ ⇒ ≥ ⇒ ≥  
enaHvismIkarxagelIGacsresr³ ( )2 5 24 5 7 5 7x x x+ ≥ + + −  
elIkGgÁTaMgBIrCakaerenaHeyIg)an³ 

( ) 2

2

2 2
5

2 5 24 5 7 5 7 2 5 49

24 5 49
576 5 49 5 625 2 log 625 4

2

x x x x

x

x x x
x

+ ≥ + + − + −

⇔ ≥ −
⇔ ≥ − ⇔ ≤ ⇒ ≤ =
⇒ ≤

 

                dUcenHvismIkarmancMelIy³ 5log 7 2x≤ ≤ . 
              
 

lMhat;TI12³  cUredaHRsayvismIkarxageRkam³
           ( ) ( )2 5 24 5 7 5 7x x x+ − − ≥ +  
      dkRsg;ecjBIviBaØasaRblgcUlsala IAROSLAV 
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                 cMelIy 

eyIgmanvismIkar³ 1
1 1 2

x x

x x

a a
a a

−

−

+>
− − cMeBaHvismIkarenHeyIgGac 

sresr³ ( )1 *
1 2

x x

x x

a a
a a

+>
− −

eyIgtag³ 0xy a y= ⇒ > enaHvismIkar 

eTACa³ 1 1 0
1 2 1 2

y y y y
y y y y

+ +> ⇔ − >
− − − −

 

( )( )
1 2 10 0 1 2
1 2 2

y y y
y y

−⇔ > ⇔ < < ∨ < <
− −

 

+ebI0 1a< < enaHeyIg)an³ 10 2 log 2 0
2

x
ay a x< < ⇔ < ⇒ < <  

+ebI 0a > enaHeyIg)an³ 1 1 10 log log 2
2 2 2

x
a ay a x x< < ⇔ < ⇒ < ⇒ <−  

1 2 1 2 0 log 2x
ay a x< < ⇔ < < ⇒ < <  

                               eyIgnigsnñidæanfa³ 
+ebI0 1a< < enaHvismIkarmanrws³ log 2 log 2 0a ax x> − ∨ < <  
+ebI 0a > enaHvismIkarmanrws³ log 2 0 log 2a ax x< − ∨ < < . 
                                                   

lMhat;TI13³ cUredaHRsayvismIkarxageRkam³

           1
1 1 2

x x

x x

a a
a a

−

−

+>
− − cMeBaH 0; 1a a> ≠  

    dkRsg;ecjBIviBaØasaeRtomRblgsisSBUEkevotNam 
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eyIgmanvismIkar³( ) ( ) ( )
2 22 4 6 4 64 6 2 22 1 1

x x x xx xa a a
− + − +− + + − ≤ +  

eyIgEckGgÁTaMgBIrénvismIkarnig³( )
2 4 621 0

x x
a

− +
+ > eK)an³ 

22 4 64 6 2

2 2

2 1 1
1 1

x xx xa a
a a

− +− + ⎛ ⎞−⎛ ⎞ + ≤⎜ ⎟⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
eyIgtag³ tan

2
a α= cMeBaH 

0
2 4
α π< < enaHeyIg)an³ 2

2

2 tan2 2 sin
1 1 tan

2

a
a

α

αα= =
+ +

nig 

2
2

2
2

1 tan1 2 cos
1 1 tan

2

a
a

α

αα

−− = =
+ +

enaHsmIkarxagelIeTACa³ 

( ) ( ) ( )
2 24 6 4 6sin cos 1 *x x x xα α− + − ++ ≤  

edayeKman³0
2
πα< < enaH0 sin 1; 0 cos 1α α< < < <  

müa:geTot³ ( )22 4 6 2 2 2x x x− + = − + ≥ enaHeyIg)an³ 

lMhat;TI14³ cUredaHRsayvismIkarxageRkam³

( ) ( ) ( )
2 22 4 6 4 64 6 2 22 1 1

x x x xx xa a a
− + − +− + + − ≤ +  

                      cMeBaH0 1a< <  
dkRsg;ecjBIviBaØasaeRtomRblgcUlmhaviTüal½yevotNam 
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( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

2

2

2 2

2 2

4 6 2

4 6 2

4 6 4 6 2 2

4 6 4 6

sin sin ;

cos cos ;

___________________________

sin cos sin cos 1

sin cos 1

x x

x x

x x x x

x x x x

x

x

α α

α α

α α α α

α α

− +

− +

− + − +

− + − +

⎧ < ∀⎪+ ⎨
⎪ < ∀⎩

⇒ + < + =

⇔ + <

 

 ( )*⇒ epÞogpÞat; x IR∀ ∈  
                 dUcenHvismIkarmanrwselI x IR∀ ∈ . 
 
 
 

 
cMelIy 

eyIgmansmIkar³( ) ( )0 0cos72 cos36 3.2
x x x−+ =  

eyIgGacsresr³( ) ( )0 0 3cos72 cos36
2

x x

x+ =  

( ) ( ) ( )0 02cos72 2cos36 3 *
x x

⇒ + =  
eday³

0 0 0
0 0

0

4cos36 cos72 sin 362cos72 .2cos36
sin 36

=  

                                     ( )
0 0 0

00 0

2cos72 sin 72 sin144 1
sin144sin 180 36

= = =
−

 

lMhat;TI15³ cUredaHRsaysmIkarxageRkam³
       ( ) ( )0 0cos72 cos36 3.2

x x x−+ =  
         dkRsg;ecjBIviBaØasaRblgsisSBUEkGnþrCati 
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dUcenHeK)an³( ) ( ) ( )0 02cos72 . 2cos36 1 **
x x

=  
             tamsmIkar( )* nig( )** eyIg)anRbBn§½smIkar³ 

( ) ( ) ( )

( ) ( ) ( )

0 0

0 0

2cos72 2cos36 3 *

2cos72 . 2cos36 1 **

x x

x x

⎧ + =⎪
⎨
⎪ =⎩

enaHtamEvüteKGac)ansmIkar³ 

1
2

2

3 5
23 1 0

3 5
2

t
t t

t

⎡ −=⎢
⎢− + = ⇒
⎢ +=⎢⎣

Eteday 0 0 5 12cos72 2sin18 2.
4
−= =  

                      5 1
2
−= eRBaH 0 5 1sin18

4
−=  

2
5 1 3 5 5 1 2
2 2 2

x

x
⎛ ⎞ ⎛ ⎞− − −⇒ = = ⇒ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 
11 2 2

5 1 3 5 3 5 5 1 5 1
2 2 2 2 2

2

x

x

−− −⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + − − −⎢ ⎥= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⇒ = −
                     dUcenHsmIkarmanrws³ 1 22; 2x x= − = . 
 
                                                 

 
   } kiriyaTTYlxusRtUvCacMnucxøaMgrbs;mnusSGs©arü}. 
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                                          cMelIy 
eyIgmansmIkar³( ) ( ) ( )26 15 3 2 7 4 3 2 2 3 1

x x x
+ + + − − =  

eday³ ( ) ( )2
26 15 3 2 3 , 7 4 2 3

3
+ = + + = +  

müa:geTot³ 12 3
2 3

− =
+

enaHeyIgtag³ ( )2 3 ; 0
x

t t= + >  

enaHsmIkarxagelIeTACa³
( )( ) ( )3 2 4 3 322 1 2 2 0 2 1 0 *t t t t t t t

t
+ − = ⇔ + − − = ⇔ + − =  

Etedaysar³ 0t > enaH( )* eKGacsresr³ 3 1 1t t= ⇒ =  
( ) ( )0
2 3 1 2 3 0

x
x⇒ + = = + ⇒ =  

                         dUcenHsmIkarmanrws³ 0x = . 
 
                                               

{bBaØarbs;mnusSmindUcKñaeT EtmnusSman»kasdUcKñaedIm,I 
begáItnUvbBaØa}. 
 

lMhat;TI16³ cUredaHRsaysmIkarxageRkam³
   ( ) ( ) ( )26 15 3 2 7 4 3 2 2 3 1

x x x
+ + + − − =  

dkRsg;ecjBIviBaØasaRblgcUlsaklviTüal½y  UJCOROV 
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               cMelIy 
eyIgmansmIkar³ 1998 19971997 1998 1x x− + − =  
eyIgBinitüeXIjfa³ 1997x = nig 1998x = CarwsgayénsmIkar 
+ebI 1997x < enaHsmIkarGacsresr³ 

( ) ( ) ( )1998 19971997 1998 1 *x x− + − = Et           
( )19971997 1998 1 1998 1x x x< ⇒ − > ⇒ − >  

enaHGgÁxageqVgén( )* FMCag1 ( )*⇒ K μanrws. 
+ebI 1998x > dUckrNIxagelIEdreyIg)ansmIkarKμanrws. 
+ebI1997 1998x< < enaHsmIkarxagelIGacsresr³ 

( ) ( ) ( )1998 19971997 1998 1 **x x− + − = Eteday 
1997 1998 0 1997 1x x< < ⇒ < − < nig0 1998 1x< − <  

tamlkçxNÐénGnuKmn¾ xy a= CaGnuKmn¾cuHluHRta³0 1a< < eyIg)an³ 
( )19981997 1997x x x− < < − nig( )19971998 1998x x− < −  
dUcenHGgÁxageqVgénsmIkar( )** tUcCag1 ( )**⇒ K μanrws. 

lMhat;TI17³ cUredaHRsaysmIkarxageRkam³

        
1998 19971997 1998 1x x− + − =  

dkRsg;ecjBIviBaØasaRblgcUlviTüasßanGnþrCatiTIRkugmUsÁÚ 
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         dUcenHsmIkarmanrws³ 1997; 1998x x= = . 
 
 

 
 
 
               cMelIy 

eyIgmansmIkar³
sin

1 4.
tan cos21 2 3 .4

x

x x

π⎛ ⎞−⎜ ⎟⎝ ⎠

+ =  
smIkarenHmann½ykalNa³ ( ) ( )cos 0 2 1 ; *

2
x x k k IZπ≠ ⇔ ≠ + ∈  

eyIgman³ ( )
2 2sin cos sin 14 2 2 1 tan

22 cos 2 cos

x x x
x

x x

π⎛ ⎞− −⎜ ⎟⎝ ⎠ = = −  
1 1sin

1 tan4 cos2
tan

24 2
2

x
xx

x

π⎛ ⎞−⎜ ⎟ −⎝ ⎠⇒ = = enaHeyIg)an³ 

      
( )

1 1sin
tan tan4 cos2

tan

2tan tan

61 2 3.4 1 2
2

2 2 6 0

x
x xx

x

x x

π⎛ ⎞−⎜ ⎟⎝ ⎠+ = ⇔ + =

⇔ + − =
 

    eyIgtag³ tan2 0xy = > enaHsmIkarxagelIeTACa³ 
2 2

6 0
3

y
y y

y
=⎡

+ − = ⇒ ⎢ = −⎣ mni yk
 

lMhat;TI18³cUredaHRsaysmIkarxageRkam³

            
sin

1 4.
tan cos21 2 3.4

x

x x

π⎛ ⎞−⎜ ⎟⎝ ⎠

+ =  
      dkRsg;ecjBIkMrgviBaØasaénRbeTsevotNam 
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+ebI tan2 2 tan 1 tan ;
4 4

x x x k k IZπ π π= ⇔ = = ⇒ = + ∈  

           dUcenHsmIkarmanrws³ ;
4

x k k IZπ π= + ∈ . 
 
 
 
 

cMelIy 
eyIgmansmIkar³ ( ) 121 cos cos ....... cos ...... 32 0, 25

n nx x x−− + − + + − + =  
eyIgtag³ ( ) 121 cos cos ..... 1 cos .....n nS x x x−= − + − + + − +  
KWCaplbUksVIútFrNImaRtEdlmantYminkMNt;ehIyEdlmantYTI1tag 
eday³ 1 1U = − nigmanersug 1cos , 1

1
q x q S

q
= − ≤ ⇒ =

−
U eK)an³ 

( ) 121 cos cos .... 1 cos .....n nS x x x−= − + − + + − +  
1 ;cos 1

1 cos
S x

x
⇒ = ≠

+
enaHeyIg)an³ 

             

1
1 23

1 cos 33 3
1 12 0,25 2
4 4

1 2 1cos
1 cos 3 2

2 ;
3

x

x
x

x k k IZπ π

− −
+ ⎛ ⎞= = = =⎜ ⎟⎝ ⎠

⇔ = ⇒ =
+

⇔ = ± + ∈

 

lMhat;TI19³ cUredaHRsaysmIkarxageRkam³

      ( ) 121 cos cos ....... cos ...... 32 0,25
n nx x x−− + − + + − + =  

 dkRsg;ecjBIviBaØaeRtomRblgcUlmhaviTüal½yevotNam 
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      dUcenHsmIkarxagelImanrws³ 2 ;
3

x k k IZπ π= ± + ∈ . 
 
 
 
                  
                 cMelIy 
eyIgmansmIkar³

21 sin sin ....... sin ........ 33 9
nx x x+ + + + + =  

eyIgtag³ 21 sin sin .... sin ......nS x x x= + + + + +  
KWCaplbUksVIútFrNImaRtEdlmantYTI1Edltageday 1 1U = nigman 
ersug sinq x= eday ( )1 11 ; sin 1

1 1 sin
Uq S x

q x
≤ ⇒ = = ≠

− −
 

enaHsmIkarxagelIeTACa³
1 1 2

31 sin 3 3 1 2 13 9 9 3 sin
1 sin 3 2

2
6sin sin ;
56 2
6

x x
x

x k
x k IZ

x k

π ππ
π π

− = = = ⇔ = ⇔ =
−

⎡ = +⎢−⎛ ⎞⇔ = ⇔ ∈⎢⎜ ⎟⎝ ⎠ ⎢ = +⎢⎣

 

dUcenHsmIkarmanrws³
2

6 ;
5 2
6

x k
k IZ

x k

π π

π π

⎡ = +⎢
∈⎢

⎢ = +⎢⎣

. 

lMhat;TI20³ cUredaHRsaysmIkarxageRkam³
           

21 sin sin ....... sin ........ 33 9
nx x x+ + + + + =  

    dkRsg;ecjBIkMrglMhat;eRCIserIsevotNam 
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                cMelIy 
eyIgmansmIkar³   

3

1log log log .... log
2nn n n n

nx x x x ++ + + + =  
smIkarenHmann½ykalNa³ 0x > eyIgman³  

1
2

13
3

1log log log 2log1
2
1log log log 3log1
3

............................................................

............................................................

....................

n nn
n

n nn
n

x x x x

x x x x

= = =

= = =

+

1

3

........................................
1log log log log1

_________________________________________
log log log .... log log 2log 3log

n
n

n

n nn
n

n n n nn n n

x x n x

n

x x x x x x x

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪ = = =⎪
⎪
⎩

+ + + + = + +
 

lMhat;TI21³ cUredaHRsaysmIkarxageRkam³

3

1log log log .... log
2nn n n n

nx x x x ++ + + + =  
    dkRsg;ecjBIviBaØasaRblgsisSBUEkextþtaEkv2006
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( ) ( )

1.... log
2

11 2 3 ..... log 1
2

n

n

nn x

nn x

++ + =

+⇔ + + + + =
 

eday³ ( )1
1 2 3 .....

2
n n

n
+

+ + + + = enaHsmIkarxagelIeTACa³ 
( )1 1 1log log 1 log

2 2n n n

n

n n nx n x x
n

x n

+ += ⇔ = ⇔ =

⇔ =
 

                           dUcenHsmIkarmanrws³ nx n= . 
 
 
 
 
 
 
                     
 
                 cMelIy 
eyIgmansmIkar³ 3sin 2.sin

4
x xπ⎛ ⎞− =⎜ ⎟⎝ ⎠

 

smIkarGnuKmn¾RtIekaNmaRt

lMhat;TI1³ cUredaHRsaysmIkarxageRkam³
              3sin 2.sin

4
x xπ⎛ ⎞− =⎜ ⎟⎝ ⎠

 

   dkRsg;ecjBIkMrgviBaØasaRblgcUlmhaviTüal½yevotNam 
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eyIgGnuvtþn¾rUbmnþ³ 
sin sin 2sin cos 2 sin

4 4 4
x x x xπ π π⎛ ⎞ ⎛ ⎞+ + − = =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

              enaHsmIkarxagelIeTACa³ 
3

2

2

2

sin sin sin
4 4 4

sin 1 sin sin 0
4 4 4

sin cos sin 0
4 4 4

sin sin sin 0
4 4 4

x x x

x x x

x x x

x x x

π π π

π π π

π π π

π π π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = + + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − − − + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − − + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − + + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

        

sin sin sin 1 0
4 4 4

sin cos cos 2 1 0
4 2

1sin cos 2 1 0
4 2

sin 0
4

4
cos 2 2

;
4

x x x

x x

x x

x
x k

x

x k k IZ

π π π

π π

π

π
π π

π π

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞⇔ + − + =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞⇔ + − + =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎡ ⎛ ⎞+ =⎜ ⎟⎢⇔ ⇔ + =⎝ ⎠⎢
=⎢⎣

⇔ = − + ∈

  mni yk

 

       dUcenHsmIkarmanrws³ ;
4

x k k IZπ π= − + ∈ . 
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{ enAelIpøÚvkargar 
dMeNIrrbs;mnusSRtUvvaylukeTAtamcitþ ts‘U nig 

PaBGt;Fμt;}. 
 
 

 
 

 
                celIy 
eyIgmansmIkar³ sin 3 sin cos 2 sin 2

1 cos 2
x x x x

x
− = +

−
 

smIkarxagelIGacsresrfa³ 2cos 2 sin cos 2 sin 2
2 sin

x x x x
x

= +  

eyIgnigedaHRsaysmIkarenHeTAelIBIrkrNIxageRkam³ 
+ebI0 :sin 0 2 cos 2 cos 2 sin 2x x x x xπ< < > ⇔ = +  

                            

( )

( )

2 1 cos 2 sin 2

tan 2 2 1 tan
2 0

2

x x

x
x x

x

α
α π

α

⇔ − =

⇔ = − =
⇔ = < <

⇔ =

 

+ebI 2 : sin 0 2 cos 2 cos 2 sin 2x x x x xπ π< < < ⇔ − = +  

lMhat;TI2³ cUredaHRsaysmIkarxageRkam³
               sin 3 sin cos 2 sin 2

1 cos 2
x x x x

x
− = +

−
 

    dkRsg;ecjBIviBaØasaRblgcUlmhaviTüal½yevotNam 
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( )
( )

2 1 cos 2 sin 2

tan 2 2 1 tan

2

2

x x

x

x

x

β

β
β

⇔ − + =

⇔ = − + =

⇔ =

⇔ =

 

         enaHeyIg)an³
tan = 2 1

2

tan = - 2 1
2

x

x

α α

β β

⎡ = −⎢
⎢
⎢ = −⎢⎣

 

  

Edl

Edl 
 

dUcenHsmIkarmanrws³
tan = 2 1

2

tan = - 2 1
2

x

x

α α

β β

⎡ = −⎢
⎢
⎢ = −⎢⎣

 

  

Edl

Edl 
. 

                                                
                                          

 
 
 
 
                                         
                                      cMelIy 
eyIgmansmIkar³ 2 2 2sin cos 2 cos 3x x x= +  
smIkarxagelIeyIgGacsresr³1 cos 2 1 cos 4 1 cos 6

2 2 2
x x x− + += +  

lMhat;TI3³ cUredaHRsaysmIkarxageRkam³
              2 2 2sin cos 2 cos 3x x x= +  
dkRsg;ecjBIviBaØaeRtomRblgcUlmhaviTüal½yevotNam 
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( )

2

cos 2 cos 4 cos 6 1 0
2cos3 .cos 2cos 3 0
2cos3 cos cos3 0
4cos3 .cos 2 .cos 0

x x x
x x x
x x x
x x x

⇔ + + + =
⇔ + =
⇔ + =
⇔ =

 

 
3

6 32cos3 0
cos 2 0 2 ;

2 6 4
cos 0

2 2

x kx k
x
x x k x k k IZ

x
x k x k

π ππ π

π π ππ

π ππ π

⎡⎡ = += + ⎢⎢
=⎡ ⎢⎢

⎢ ⎢⎢⇔ = ⇔ = + ⇒ = + ∈⎢ ⎢⎢
⎢ = ⎢⎢⎣

⎢⎢ = + = +
⎢ ⎢⎣ ⎣

 

          dUcenHsmIkarmanrws³
6 3

;
6 4

2

x k

x k k IZ

x k

π π

π π

π π

⎡ = +⎢
⎢
⎢ = + ∈⎢
⎢
⎢ = +
⎢⎣

. 

                                               

 
 
 
 
                
                cMelIy 
eyIgmansmIkar³ ( )3 3 5 5sin cos 2 sin cosx x x x+ = +  

lMhat;TI3³cUredaHRsaysmIkarxageRkam³
      ( )3 3 5 5sin cos 2 sin cosx x x x+ = +  
dkRsg;ecjBIviBaØasaeRtomRblgcUlmhaviTüal½yevotNam 
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smIkarenHeyIgGacsresr³        

( ) ( )

( )

3 5 5 3

2 3 2

3 3

3 3

sin 2sin 2cos cos

sin 3 1 sin cos 2cos 1

sin .cos 2 cos cos 2

cos 2 sin cos 0

x x x x

x x x x

x x x x

x x x

⇔ − = −

⇔ − = −

⇔ =

⇔ − =

 

3 3

cos 2 0 cos 2 0
tan 1sin cos

x x
xx x

= =⎡ ⎡
⇔ ⇔⎢ ⎢ == ⎣⎣

 

2
2 4 2 ;

4 4

x k x k
k IZ

x k x k

π π ππ

π ππ π

⎡ ⎡= + = +⎢ ⎢
⇔ ⇔ ∈⎢ ⎢

⎢ ⎢= + = +⎢ ⎢⎣ ⎣

 

     dUcenHsmIkarxagelImanrws³ 4 2 ;

4

x k
k IZ

x k

π π

π π

⎡ = +⎢
∈⎢

⎢ = +⎢⎣

. 

                                               

 
 
 

 
                cMelIy 
eyIgmansmIkar³ 1 12 2 sin

4 sin cos
x

x x
π⎛ ⎞+ = +⎜ ⎟⎝ ⎠

 

smIkarenHmann½ykalNa³ sin cos 0 sin 2 0
2

x x x x k π≠ ⇔ ≠ ⇔ ≠  

lMhat;TI4³ cUredaHRsaysmIkarxageRkam³
            1 12 2 sin

4 sin cos
x

x x
π⎛ ⎞+ = +⎜ ⎟⎝ ⎠

 

      RblgcUlmhaviTüal½yevotNam 1978 
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enaHsmIkarxagelIGacsresr³
( )

( )( )

sin cos2 sin cos
sin cos

sin 2sin cos 1 0

sin cos 0 tan 1
2sin cos 1 sin 2 1

x xx x
x x

x coax x x

x x x
x x x

++ =

⇔ + − =

+ = = −⎡ ⎡
⇔ ⇔⎢ ⎢= =⎣ ⎣

 

4 4 ;
2 2

2 4

x k x k
k IZ

x k x k

π ππ π

π ππ π

⎡ ⎡= − + = − +⎢ ⎢
⇔ ⇔ ∈⎢ ⎢

⎢ ⎢= + = +⎢ ⎢⎣ ⎣

 

smIkarenHmancMelIy³ 4 ;

4

x k
k IZ

x k

π π

π π

⎡ = − +⎢
∈⎢

⎢ = +⎢⎣

. 

                                             

 
 
 
 
                 
                 cMelIy 
eyIgmansmIkar³ 12 tan cot 2 2sin 2

sin 2
x g x x

x
+ = +  

smIkarenHmann½ykalNa³ ( )sin cos 0 ;
2

x x x k k IZπ≠ ⇔ ≠ ∈  
smIkarxagelIGacsresr³ 1 cos 22 tan 2sin 2

sin 2
xx x

x
−= +  

lMhat;TI5³ cUredaHRsaysmIkarxageRkam³

        
12tan cot 2 2sin2

sin2
x g x x

x
+ = +  

     dkRsg;ecjBIlMhat;eRCIserIsénRbeTsevotNam 
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22sin2 tan 2sin 2
2sin cos

2 tan 2sin 2 tan
tan 2sin 2

xx x
x x

x x x
x x

⇔ = +

⇔ = +
⇔ =

 

                 ( )
2

2

sin 4sin cos
cos
sin 4sin cos

sin 1 4cos 0

sin 0
1cos
2

x x x
x
x x x

x x

x

x

⇔ =

⇔ =

⇔ − =

=⎡
⎢⇔
⎢ = ±
⎣

minyk

 

           +ebI 1cos 2
2 3

x x kπ π= ⇔ = ± +  
           +ebI 1 2cos 2

2 3
x x kπ π= − ⇔ = ± +  

                dUcenHsmIkarmanrws³
2

3 ;
2 2
3

x k
k IZ

x k

π π

π π

⎡ = ± +⎢
∈⎢

⎢ = ± +⎢⎣

. 

                                                      

 
 
 
 
               cMelIy 
eyIgmansmIkar³ ( )6 6 8 8sin cos 2 sin cosx x x x+ = +  

lMhat;TI6³ cUredaHRsaysmIkarxageRkam³
        ( )6 6 8 8sin cos 2 sin cosx x x x+ = +  
  dkRsg;ecjBIkarRblgcUlGakascrsIuvilTIRkugmUsÁÚ 
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enaHsmIkarxagelIGacsresr³ 6 8 8 6sin 2sin 2cos cosx x x x− = −  
               ( ) ( )6 2 6 2sin 1 2sin cos 2cos 1x x x x⇔ − = −  

            

( )
6 6

6 6

6 6 6

sin cos 2 cos cos 2

cos 2 sin cos 0

cos 2 0 cos 2 0
sin cos 0 tan 1

2cos 2 0 2
tan 1

4

x x x x

x x x

x x
x x x

x kx
x x k

π π

π π

⇔ =

⇔ − =

= =⎡ ⎡
⇔ ⇔⎢ ⎢− = =⎣ ⎣

⎡ = +⎢=⎡
⇔ ⇔ ⎢⎢ = ±⎣ ⎢ = ± +⎢⎣

 

        dUcenHsmIkarenHmanrws³ 4 2 ;

4

x k
k IZ

x k

π π

π π

⎡ = +⎢
∈⎢

⎢ = ± +⎢⎣

. 

                                                
                                                

 
 
 
 
                  cMelIy 
         eyIgmansmIkar³ sin cos sin cos 2x x x x− + + =  

lMhat;TI7³ cUredaHRsaysmIkarxageRkam³
      sin cos sin cos 2x x x x− + + =    
   dkRsg;ecjBIviBaØasaeRCIserIseRtomRblgsisSBUEk 
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enaHsmIkarxagelIGacsresr³       

2 sin 2 cos 2
4 4

x xπ π⎛ ⎞ ⎛ ⎞− + − =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 

( )

2 2

sin cos 2
4 4

sin cos 2sin 2
4 4 4

sin 2 1
4

cos 2 1 cos 2 1

2 ;
2

x x

x x x

x

x x
kx k x k IZ

π π

π π π

π

ππ

⎛ ⎞ ⎛ ⎞⇔ − + − =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − + + + − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞⇔ − =⎜ ⎟⎝ ⎠
⇔ − = ⇔ = ±

⇔ = ⇔ = ∈

 

   dUcenHsmIkarmanrws³ ( );
2

kx k IZπ= ∈ . 
                                                   

 
 
 
 
                cMelIy 
eyIgmansmIkar³ 2tan tan tan3 2x x x− =  

lMhat;TI8³ cUredaHRsaysmIkarxageRkam³
              2tan tan tan3 2x x x− =  
dkRsg;ecjBIkarRblgcUlmhaviTüal½yevotNam 
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smIkarenHmann½ykalNa³ cos 0 2
cos3 0

6 3

x kx
x x k

π π

π π

⎧ ≠ +⎪≠⎧ ⎪⇔⎨ ⎨≠⎩ ⎪ ≠ +⎪⎩

 

   enaHsmIkarxagelIGacsresr³ ( )tan tan 3 tan 2 0x x x− + =  

               

( )

2

sin sin 2. 2 0
cos cos3 cos
sin 2sin. 2 0
cos cos
2sin 2cos3 cos 0
1 cos 2 cos 4 cos 2 0
cos 4 1
4 2

4 2

x x
x x x
x x
x x

x x x
x x x

x
x k

x k k IZ

π π
π π

⇔ + =

⇔ + =

⇔ + =
⇔ − + + =
⇔ = −
⇔ = +

⇒ = + ∈

 

          dUcenHsmIkarmanrws³ ( )
4 2

x k k IZπ π= + ∈ . 
                                                     

 
 
 
 
 
                 cMelIIy 
eyIgmansmIkar³ ( )2 2 22cos 2cos 2 2cos 3 3 cos4 2sin2 1x x x x x+ + − = +  

lMhat;TI9³ cUredaHRsaysmIkarxageRkam³
( )2 2 22cos 2cos 2 2cos 3 3 cos4 2sin 2 1x x x x x+ + − = +  

dkRsg;ecjBIviBaØasaeRtomRblgcUlmhaviTüal½y nig sisSBUEk 
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enaHsmIkarenHGacsresr³
( ) ( ) ( ) ( )2 2 22cos 1 2cos 2 1 2cos 3 1 cos 4 2sin 2 1x x x x x− + − + − = +  
            cos 2 cos 4 cos 6 2sin 2 cos 4 cos 4x x x x x x⇔ + + = +  

              

( )

( )

cos 2 cos 6 2sin 2 cos 4
2cos 4 cos 2 2sin 2 cos 4 0
2cos 4 cos 2 sin 2 0

cos 4 0
cos 2 sin 2 0

4cos 4 0 2
tan 2 1 2

4

8 4 ;
8 4

8 2

x x x x
x x x x
x x x

x
x x

x kx
x x k

x k
x k k

x k

π π

π π

π π
π π π

π π

⇔ + =
⇔ − =
⇔ − =

=⎡
⇔ ⎢ − =⎣

⎡ = +⎢=⎡
⇔ ⇔ ⎢⎢ =⎣ ⎢ = +⎢⎣

⎡ = +⎢
⇔ ⇔ = + ∈⎢

⎢ = +⎢⎣

 

              dUcenHsmIkarmanrws³ ( );
8 4

x k kπ π π= + ∈ . 
                                          

 
 
 
                                     
                                    

lMhat;TI10³ cUredaHRsaysmIkarxageRkam³
     2 2 7sin cos sin 2 4sin

4 2 2
x x x π π⎛ ⎞− = − −⎜ ⎟⎝ ⎠

 

dkRsg;ecjBIviBaØasaeRCIserIssMrab;RblgcUlmhaviTüal½y 
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                                           cMelIy 
eyIgmansmIkar³ 2 2 7sin cos sin 2 4sin

4 2 2
x x x π π⎛ ⎞− = − −⎜ ⎟⎝ ⎠

 

smIkarxagelIGacsresr³    
1 cos 4 7sin cos 4 2 1 cos

2 2 2
xx x xπ− ⎡ ⎤⎛ ⎞− = − − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

( ) ( )
( )( )

1sin cos 4 cos 4 2sin 1
2

2sin cos 4 cos 4 4sin 2 0
cos 4 2sin 1 2 2sin 1 0

2sin 1 cos 4 2 0

2
1 6sin ;

72 2
6

x x x x

x x x x
x x x

x x

x k
x k IZ

x k

π π

π π

⇔ + = − −

⇔ + + + =
⇔ + + + =

⇔ + + =

⎡ = − +⎢
⇔ = − ⇔ ∈⎢

⎢ = +⎢⎣

 

           dUcenHsmIkarmanrws³
2

6 ;
7 2
6

x k
k IZ

x k

π π

π π

⎡ = − +⎢
∈⎢

⎢ = +⎢⎣

. 

                                                  

 
 
 
 
                                                cMelIy 

lMhat;TI11³cUredaHRsaysmIkarxageRkam³
       34cos 3 2 sin 2 8cosx x x+ =  
        dkRsg;ecjBIkMrg;lMhat;eRCIserIsevotNam 
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eyIgmansmIkar³ 34cos 3 2 sin 2 8cosx x x+ =  
smIkarxagelIGacsresr³ 34cos 6 2 sin cos 8cos 0x x x x+ − =  

           ( )
( )

2

2

2cos 2cos 3 2 sin 4 0

2cos 2 2sin 3 2 sin 4 0

x x x

x x x

⇔ + − =

⇔ − + − =
 

             
( )2

2

2cos 2sin 3 2 sin 2 0

cos 0

2sin 3 2 sin 2 0

2cos 0

sin 2 2 ;
4

2 3sin 22 4

x x x

x

x

x k
x

x x k k IZ

x x k

π π

π π

π π

⇔ − + =

=⎡
⇔ ⎢

− + =⎣
⎡⎡ = +⎢⎢ = ⎢⎢ ⎢⇔ = ⇔ = + ∈⎢ ⎢⎢ ⎢⎢ = ⎢ = +⎢⎣ ⎢⎣

 

         dUcenHsmIkarmanrws³
2

2 ;
4
3 2
4

x k

x k k IZ

x k

π π

π π

π π

⎡ = +⎢
⎢
⎢ = + ∈⎢
⎢
⎢ = +
⎢⎣

. 

                                                   

 
 
 
                                      

lMhat;TI12³ cUredaHRsaysmIkarxageRkam³
    ( ) ( ) ( )sin 6 sin sin 5 sin 2 sin 4 sin 3 0x x x x x x+ + + + + =  
      dkRsg;ecjBIkMrglMhat;eRCIserIsénRbeTsevotNam 
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                cMelIy 
eyIgmansmIkar³
( ) ( ) ( )sin 6 sin sin 5 sin 2 sin 4 sin 3 0x x x x x x+ + + + + =  

smIkarxagelIGacsresr³    

( )

7 5 7 3 72sin cos 2sin cos 2sin cos 0
2 2 2 2 2 2

7 5 32sin cos cos cos 0
2 2 2 2

7 32sin cos 2cos 1 0
2 2

7 7sin 0
2 2
3 3cos 0
2 2 2

1 2cos 2
2 3

x x x x x x

x x x x

x x x

x x k

x x k

x x k

π

π π

π π

+ + =

⎛ ⎞⇔ + + =⎜ ⎟⎝ ⎠

⇔ + =

⎡ ⎡= =⎢ ⎢
⎢ ⎢
⎢ ⎢⇔ = ⇔ = +⎢ ⎢
⎢ ⎢
⎢ ⎢= − = ± +
⎢ ⎢⎣ ⎣

 

dUcenHsmIkarmanrws³

2
7

2 ;
3 3

2 2
3

kx

kx k IZ

x k

π

π π

π π

⎡ =⎢
⎢
⎢⇔ = + ∈⎢
⎢
⎢ = ± +
⎢⎣

 . 

         { eroneRcIn GaneRcIn ecHk¾eRcIn} 
 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³160 

 
 
 
                  
 
 
                 cMelIy 
eyIgmansmIkar³ 2

1 cos 21 cot 2
sin 2

xx
x

−+ =  
smIkarenHmann½ykalNa³ sin 2 0 2x x kπ≠ ⇔ ≠  
enaHsmIkarxagelIGacsresr³ 2

cos 1 cos 21
sin sin 2

x x
x x

−+ =  

                   ( )
( )

( )

2

2

sin 2 sin 2 cos 2 1 cos 2
1 cos 2 sin 2 cos 2 1 cos 2
cos 2 cos 2 sin 2 1 0

cos 2 0 *

cos 2 sin 2 1 **

x x x x
x x x x

x x x

x

x x

⇔ + = −
⇔ − + = −
⇔ − − =

=⎡
⇔ ⎢

− =⎢⎣

 

+cMeBaHsmIkar ( )* 2
2 4 2

x k x kπ π ππ⇔ = + ⇔ = +  

+cMeBaHsmIkar ( ) 2** 2 cos 2 1 cos 2
4 4 2

x xπ π⎛ ⎞ ⎛ ⎞⇔ + = ⇔ + =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 

lMhat;TI13³ cUredaHRsaysmIkarxageRkam³
                      2

1 cos 21 cot 2
sin 2

xx
x

−+ =  
      dkRsg;ecjBIkMrgviBaØaRblgcUlmhaviTüal½y 
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2 2

4 4

2 2
4 4

x k

x k

π π π

π π π

⎡ + = +⎢
⇔ ⎢

⎢ + = − +⎢⎣

 

                   
2 2

2 2
2

x k

x k

π
π π

=⎡
⎢⇔
⎢ = − +
⎣

minyk
 

           dUcenHsmIkarmanrws³
2

4 ;
2

4

x k
k IZ

x k

π π

π π

⎡ = − +⎢
∈⎢

⎢ = +⎢⎣

. 

 
 
 
 
                 cMelIy 
eyIgmansmIkar³

2 2 2 2sin 1,5 sin 2,5 sin 5,5 sin 6,5
4 4

x x x xπ π⎛ ⎞ ⎛ ⎞+ − = + =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 

enaHsmIkarenHeKGacsresr³ 
1 11 cos3 1 5 1 cos11 1 13
2 2 2 2

cos3 cos 5 cos11 cos 13
2 2

x x x x

x x x x

π π

π π

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞− + − − = − + − −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎛ ⎞ ⎛ ⎞⇔ + − = + −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

lMhat;TI14³ cUredaHRsaysmIkarxageRkam³
2 2 2 2sin 1,5 sin 2,5 sin 5,5 sin 6,5

4 4
x x x xπ π⎛ ⎞ ⎛ ⎞+ − = + =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

RblgsisSBUEkevotNam1976 nig eRtomRblgcUlmhaviTüal½y 
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1 11 cos3 1 5 1 cos11 1 13
2 2 2 2

cos3 cos 5 cos11 cos 13
2 2

2cos cos 4 2cos cos 12
4 4 4 4

2cos cos 4 cos 12
4 4

x x x x

x x x x

x x x x

x x x

π π

π π

π π π π

π π

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞− + − − = − + − −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎛ ⎞ ⎛ ⎞⇔ + − = + −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − − = − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞⇔ − − −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

0
4
π⎡ ⎤⎛ ⎞− =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

                    
( )

( )

cos 0 *
4

cos 4 cos 12 **
4 4

x

x x

π

π π

⎡ ⎛ ⎞− =⎜ ⎟⎢ ⎝ ⎠⎢⇔
⎢ ⎛ ⎞ ⎛ ⎞− = −⎢ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣

 

+cMeBaHsmIkar ( )*
4 2

x kπ π π⇔ − = +  

+cMeBaHsmIkar ( )**
4 12 2

4 4

4 12 2
4 4

x x k

x x k

π π π

π π π

⎡ − = − +⎢
⎢
⎢ − = − + +⎢⎣

 

                           
4

;
8

32 8

x k

x k k IZ

x k

π π

π

π π

⎡ = − +⎢
⎢
⎢ = ∈⎢
⎢
⎢ = +
⎢⎣
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dUcenHsmIkarmanrws³
4

;
8

32 8

x k

x k k IZ

x k

π π

π

π π

⎡ = − +⎢
⎢
⎢ = ∈⎢
⎢
⎢ = +
⎢⎣

. 

 
                                              
 
 {pøÚveTAkan;PaBeCaKC½yKμandaneCIgmnusSx¢ilRcGUs}. 
{ral;C½yCMnHEdlTTYl)an ral;RTBüsm,tþiEdlrk)an suT§ 
Etcab;bdisn§iBIs μartI}. 
 
 
 
 
                                          
                                         cMelIy 
eyIgmansmIkar³ 28cos 4 cos 2 1 cos3 1 0x x x+ − + =  
smIkarenHeyIgGacsresr³ 24cos 4 2cos 2 1 cos3 1 0x x x+ − + =  

( )
2

4cos 4 cos 4 1 1 cos3 1 0

4cos 4 4cos 4 1 1 cos3 0

x x x

x x x

⇔ + + − + =

⇔ + + + − =
 

lMhat;TI15³ cUredaHRsaysmIkarxageRkam³
       28cos 4 cos 2 1 cos3 1 0x x x+ − + =  
dkRsg;ecjBIkMrgviBaØasaRblgcUlmhaviTüal½yRbeTsevotNam 
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( )

( )

2

2

4cos 4 cos 4 1 1 cos3 1 0

4cos 4 4cos 4 1 1 cos3 0

2cos 4 1 1 cos3 0

2cos 4 1 0
1 cos3 0

1cos 4
2

cos3 1

x x x

x x x

x x

x
x

x

x

⇔ + + − + =

⇔ + + + − =

⇔ + + − =

+ =⎡
⇔ ⎢ − =⎣

⎡ = −⎢⇔
⎢

=⎣

 

 

( )

4 2 2
3

3 2

26 2 2 ;
2 3
3

x k

x k

x k
x k k IZ

x k

π π

π
π π

π π
π

⎡ = ± +⎢⇔
⎢

=⎣
⎡ = ± +⎢

⇔ ⇔ = ± + ∈⎢
⎢ =⎢⎣

 

          dUcenHsmIkarmanrws³ ( )2 2 ;
3

x k k IZπ π= ± + ∈ . 
 
 
 
 
                 cMelIy 
eyIgmansmIkar³sin sin 2 sin 3 cos cos 2 cos3x x x x x x+ + = + +  

lMhat;TI16³cUredaHRsaysmIkarxageRkam³
    sin sin 2 sin 3 cos cos 2 cos3x x x x x x+ + = + +  
dkRsg;ecjBIviBaØasaRblgcUlmhaviTüal½yevotNam 
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smIkarenHeyIgGacsresr)anfa³ 
( ) ( )sin 3 sin sin 2 cos3 cos cos 2x x x x x x+ + = + +  

                    
( ) ( )

( )( )

2sin 2 cos sin 2 2cos 2 cos cos 2
sin 2 2cos 1 cos 2 2cos 1

2cos 1 sin 2 cos 2 0

1cos
2

sin 2 cos 2

x x x x x x
x x x x

x x x

x

x x

⇔ + = +
⇔ + = +

⇔ + − =

⎡ = −⎢⇔
⎢

=⎣

 

1cos
2

tan 2 1

2 2
3

2
4

x

x

x k

x k

π π

π π

⎡ = −⎢⇔
⎢

=⎣
⎡ = ± +⎢

⇔ ⎢
⎢ = +⎢⎣

 

                    
2 2
3 ;

8 2

x k
k IZ

x k

π π

π π

⎡ = ± +⎢
⇔ ∈⎢

⎢ = +⎢⎣

 

        dUcenHsmIkarmanrws³
2 2
3 ;

8 2

x k
k IZ

x k

π π

π π

⎡ = ± +⎢
⇔ ∈⎢

⎢ = +⎢⎣

 . 

 
 
 

lMhat;TI17³ cUredaHRsaysmIkarxageRkam³
          3 3 3sin cos3 cos sin 3 sin 4x x x x x+ =  
    dkRsg;ecjBIkMrgviBaØasaRblgenARbeTsevotNam 
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                  cMelIy 
eyIgmansmIkar³ 3 3 3sin cos3 cos sin 3 sin 4x x x x x+ =  
smIkarenHGacsresr³

( ) ( )3 3 3 3 3sin 4cos 3cos cos 3sin 4sin sin 4x x x x x x x− + − =  

                   

( )
3 3 3

2 2 3

3

3

3

3sin cos 3cos sin sin 4

3sin cos cos sin sin 4

3 sin 2 cos 2 sin 4
2
3 sin 4 sin 4
4
3sin 4 4sin 4 0
sin12 0
12

,
12

x x x x x

x x x x x

x x x

x x

x x
x

x k

x k k IZ

π
π

⇔ − =

⇔ − =

⇔ =

⇔ =

⇔ − =
⇔ =
⇔ =

⇒ = ∈

 

             dUcenHsmIkarmanrws³ ,
12

x k k IZπ= ∈ . 
 
 
 
  
                  

lMhat;TI18³ cUredaHRsaysmIkarxageRkam³
 ( )8 8 10 10 5sin cos 2 sin cos cos 2

4
x x x x x+ = + +  

      dkRsg;ecjBIviBaØasareRtomRblgsisSBUEk 
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                cMelIy 
eyIgmansmIkar³ ( )8 8 10 10 5sin cos 2 sin cos cos 2

4
x x x x x+ = + +  

smIkarenHGacsresr³      
8 10 10 8 5sin 2sin 2cos cos cos 2

4
x x x x x− = − +  

( ) ( )8 2 8 2

8 8

8 8

5sin 1 2sin cos 2cos 1 cos 2
4

5sin cos 2 cos cos 2 cos 2
4

5cos 2 cos sin 0
4

x x x x x

x x x x x

x x x

⇔ − = − +

⇔ = +

⎛ ⎞⇔ − + =⎜ ⎟⎝ ⎠

 

           cos 2 0x⇔ = EdlcMeBaH 8 85cos sin 0
4

x x+ − >  
            2 ,

2 4 2
x k x k k IZπ π ππ⇔ = + ⇔ = + ∈  

                dUcenHsmIkarmarrws³ ,
4 2

x k k IZπ π= + ∈ . 
 

 
 
 
 
 
                                      cMelIy 

lMhat;TI19³ cUredaHRsaysmIkarxageRkam³
                 23 sin 2 2cos 2 2 2cos 2x x x− = +  
dkRsg;ecjBIkMrglMhat;RblgcUlmhaviTüal½yevotNam 
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eyIgmansmIkar³ 23 sin 2 2cos 2 2 2cos 2x x x− = +  
smIkarenHGacsresrfa³ 22 3 sin cos 2cos 4 cosx x x x− =  

( ) ( )
cos 0 cos 0

2cos 3sin cos 2 0 2cos 3sin cos2 2 0

x x

x x x x x x

≥ <⎧ ⎧⎪ ⎪⇔ ∨⎨ ⎨− − = − + =⎪ ⎪⎩ ⎩
 

cos 0 cos 0
cos 0 cos 0

3 sin cos 2 0 3 sin cos 2 0

cos 0
cos 0

cos 0
sin 1

sin 1 6
6

,
2 2
2 32
3

x x
x x

x x x x

x
x

x
x

x

x k k IZ
x k

x k

π
π

π π π π
π π

≥ <⎧ ⎧
⎪ ⎪= =⎡ ⎡⇔ ∨⎨ ⎨

⎢ ⎢⎪ ⎪− − = − + =⎣ ⎣⎩ ⎩
≥⎧

<⎧⎪ =⎡⎪ ⎪⇔ ∨⎨ ⎨ ⎛ ⎞⎢ − =⎛ ⎞ ⎜ ⎟⎪ ⎪⎢ − = ⎝ ⎠⎩⎜ ⎟⎪⎢ ⎝ ⎠⎣⎩
⎡ = + ∈⎢

⇔ ∨ = − +⎢
⎢ = +⎢⎣

mni yk
 minyk

 

               dUcenHsmIkarmanrws³ ,
2

x k k IZπ π= + ∈ . 
 
 
 
 
                  cMelIy 
eyIgmansmIkar³ 1 12sin 3 2cos3

sin cos
x x

x x
− = +  

lMhat;TI20³ cUredaHRsaysmIkarxageRkam³
             1 12sin 3 2cos3

sin cos
x x

x x
− = +  

         dkRsg;ecjBIkMrglMhat;eRCIserIsevotNam 
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smIkarenHmann½ykalNa³ sin 2 0
2

x x k π≠ ⇔ ≠  
enaHsmIkarxagelIGacsresr³      

( ) 1 12 sin 3 cos3
sin cos

x x
x x

− = +  
( )sin cos

2 2 sin 3 2
4 sin 2

sin 3 sin 2 cos
4 4

1 cos cos 5 cos
2 4 4 4

2cos 3 cos 2 0
4

cos 2 0 2
2

cos 3 0 34 4 2

x x
x

x

x x x

x x x

x x

x x k
k IZ

x x k

π

π π

π π π

π

π π
π π π π

+⎛ ⎞⇔ − =⎜ ⎟⎝ ⎠
⎛ ⎞ ⎛ ⎞⇔ − = −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − − − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⇔ − =⎜ ⎟⎝ ⎠

⎡=⎡ = +⎢⎢⇔ ⇔ ∈⎢⎛ ⎞⎢ − =⎜ ⎟ ⎢ − = +⎢ ⎝ ⎠⎣ ⎢⎣

 

             dUcenHsmIkarmanrws³
2

2

3
4 2

x k
k IZ

x k

π π

π π π

⎡ = +⎢
∈⎢

⎢ − = +⎢⎣

. 

 
 
 
 
 

lMhat;TI21³ cUredaHRsaysmIkarxageRkam³
        4 6cos sin cos 2x x x+ =  
   dkRsg;ecjBIlMhat;eRtomRblgsisSBUEk 
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cMelIy 
eyIgmansmIkar³ 4 6cos sin cos 2x x x+ =  
enaHsmIkarenHGacsresr³ 4 6 2 2cos sin cos sinx x x x+ = −  

             

( )

( )
( )

( )

2 2 6 2

2 2 6 2

2 2 4

4 2

4

cos 1 cos sin sin 0

cos sin sin sin 0

sin cos 1 sin 0

sin 1 sin 0

sin 0
sin 0

x x x x

x x x x

x x x

x x

x
x x k k IZπ

⇔ − − − =

⇔ − − =

⇔ − − =

⇔ − + =

⇔ =
⇔ = ⇔ = ∈

 

         dUcenHeyIg)ansmIkarmanrws³ ( )x k k IZπ= ∈ . 
              
                                                  
{ enAelIpøÚgkargar dMenIrrbs;mnusSRtUvvaylukeTAtamcrit 
ts‘U nig PaBGt;Fμt;}. 
 
 
 
                 
  
                cMelIy 

lMhat;TI21³ cUredaHRsaysmIkarxageRkam³
    3 3 1cos cos cos sin sin sin

2 2 2 2 2
x x x xx x− =  

    dkRsg;ecjBIkMrglMhat;eRCIserIsevotNam 
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eyIgmansmIkar³ 3 3 1cos cos cos sin sin sin
2 2 2 2 2
x x x xx x− =  

smIkarenHeyIgGacsresr³ 
( ) ( )

( )
( )

( ) ( )
( )( )

2

2

2

1 1 1cos cos 2 cos sin cos cos 2
2 2 2

1cos cos 2 cos sin cos sin cos 2
2

cos 2 cos sin 1 cos sin cos

cos 2 cos sin sin sin cos

cos sin sin sin cos

cos sin cos 2 sin 0

cos sin 0
cos 2

x x x x x x

x x x x x x x

x x x x x x

x x x x x x

x x x x x

x x x x

x x
x

+ − − =

⇔ + − + =

⇔ + = − +

⇔ + = +

⇔ + = +

⇔ + − =

+ =
⇔

− sin 0x
⎡
⎢ =⎣

 

2

tan 1
2sin sin 1 0

x
x x

= −⎡
⇔ ⎢ + − =⎣

 

 

             
tan 1

1sin 1 sin
2

x

x x

= −⎡
⎢⇔
⎢ = − ∨ =
⎣

 

 dUcenHsmIkarmanrws³

4

2
2 ;

2
6
5 2
6

x k

x k
k IZ

x k

x k

π π

π π

π π

π π

⎡ = − +⎢
⎢
⎢ = − +⎢

⇔ ∈⎢
⎢ = +
⎢
⎢

= +⎢
⎣

  . 
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cMelIy 
eyIgmansmIkar³ ( )2 2sin 4 cos 6 sin 1,5 10x x x xπ− = +  

smIkarenHeyIgGacsresr³                  

( )

( )

1 cos8 1 cos12 sin 10 10
2 2 2

cos8 cos12 2sin 10
2

cos12 cos8 2cos10
2cos10 cos 2 2cos10 0
2cos10 cos 2 1 0

x x x

x x x

x x x
x x x
x x

ππ

π

− + ⎛ ⎞− = + +⎜ ⎟⎝ ⎠
⎛ ⎞⇔ − − = +⎜ ⎟⎝ ⎠

⇔ − + =
⇔ + =
⇔ + =

 

cos10 0
cos 2 1

10
2

2 2

20 10

2

x
x

x k

x k

x k

x k

π π

π π
π π

π π

=⎡
⇔ ⎢ = −⎣

⎡ = +⎢⇔
⎢

= +⎣
⎡ = +⎢

⇔ ⎢
⎢ = +⎢⎣

 

+ebI 0; 0
20 10 2 20 10 2

x k kπ π π π π π⎛ ⎞= + ∈ ⇔ < + <⎜ ⎟⎝ ⎠
 

lMhat;TI22³ cUredaHRsaysmIkarxageRkam³
      ( )2 2sin 4 cos 6 sin 1,5 10x x x xπ− = +  
      dkRsg;ecjBIkMrglMhat;eRCIserIsevotNam
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{ }

1 90 1 2 10
2 2

0,1,2,3,4

k k

k

⇔ < + < ⇔ − < <

⇔ ∈
 

+ebI 0; ;
2 2

x k k IZπ ππ ⎛ ⎞= + ≠ ∀ ∈⎜ ⎟⎝ ⎠
 

dUcenHsmIkarmanrwskñúg 0;
2
π⎛ ⎞

⎜ ⎟⎝ ⎠
KW³      

3 5 7 9; ; ; ;
20 20 20 20 20

x x x x xπ π π π π= = = = = . 
 

{GñkmanrkSaxSt; dUcsMBt;B½T§BIeRkA GñkR)aCJrkSaexøA 
dUcsMeBABwgsM):an}. 

{GñkQñHminEdle)aHbg; Gñke)aHbg;minEdlQñH}. 
{esckþIGs;sgÇwm eFVIeGaykøahaneTACakMsak}. 

                                               esckþICUndMNwg! 

         eyIg´nigmanecjnUvesovePAkMrgviBaØasarKNitviTüasMrab;sisS 
BUEksuT§RKb;sm½ykalnigRKb;RbeTs        dUecñHsUmrgcaMGannUv esov 
ePATaMgenH EdlnigecjpSaynaeBlqab;²enH. 
                                                                 sUmGrKuN! 
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                                             cMelIy 
eyIgmansmIkar³

2 32 cos 6 sin 2sin 2sin
5 12 5 12 5 3 5 6
x x x xπ π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − − = + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

smIkarenHeyIgGacsresr)anfa³
2 32 cos 3 sin 2 sin sin

5 12 5 12 5 3 5 6
x x x xπ π π π⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − − = + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

2 cos tan sin
5 12 3 5 12

2 54cos sin
5 12 5 4

2 522cos 4cos sin
5 12 3 5 12 5 4

2 52 2 cos 4cos cos
5 4 5 12 5 4

4cos c
5 4

x x

x x

x x x

x x x

x

π π π

π π

π π π π

π π π

π

⎡ ⎤⎛ ⎞ ⎛ ⎞⇔ − − − =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞ ⎛ ⎞+ − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − + = + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ + = + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞⇔ +⎜ ⎟⎝ ⎠
2 5 2os 0
5 12 2
x π⎡ ⎤⎛ ⎞+ − =⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦

 

lMhat;TI23³ cUredaHRsaysmIkarxageRkam³
2 32 cos 6 sin 2sin 2sin

5 12 5 12 5 3 5 6
x x x xπ π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − − = + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

                dkRsg;ecjBIkMrglMhat;eRCIserIsRbeTsevotNam 
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( )

4cos 0
5 4

2 5 2cos
5 12 2

5 4 2
2 5 2
5 12 4

5 5
12

5 5
12
5 5
3

x

x

x k

x k

x k

x k k IZ

x k

π

π

π π π

π π π

π π

π π

π π

⎡ ⎛ ⎞+ =⎜ ⎟⎢ ⎝ ⎠⎢⇔
⎢ ⎛ ⎞+ =⎢ ⎜ ⎟⎝ ⎠⎣
⎡⎛ ⎞+ = +⎜ ⎟⎢⎝ ⎠⎢⇔
⎢⎛ ⎞+ = ± +⎢⎜ ⎟⎝ ⎠⎣
⎡ = +⎢
⎢
⎢⇔ = − + ∈⎢
⎢
⎢ = − +
⎢⎣  

       dUcenHsmIkarmanrws³ ( )

5 5
12

5 5
12
5 5
3

x k

x k k IZ

x k

π π

π π

π π

⎡ = +⎢
⎢
⎢ = − + ∈⎢
⎢
⎢ = − +
⎢⎣

 . 

                            
 
{TIRbCuMkMuniyayeGayB¤xøaMg KYreGaytaMgnUvs μartIniyaytic 
TIRbCMuRtUveRbIb£ks¶b;Canic¢ enHCakic¢RbRBwtþeRbIénGñkR)aC£}. 

 
 

 
  EpñkRbB½nñsmIkar 
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                                     cMelIy 

eyIgmanRbB½n§smIkar³

( )
( )

( )

1 1 1 1 2 2

2 2 2 2 3 3

1 1

.................................................

.................................................

n n n n

x x x a x a x x

x x x a x a x x

x x x a x a x x

⎧ − − − =
⎪

− − − =⎪
⎪
⎨
⎪
⎪
⎪ − − − =⎩

 

ebI ( )1 2 3; ; ;...; nx x x x CarwsmYyrbs;RbB½n§Edlman)a:ra:Em:t a enaH 
( )1 2; ;....; nx x x− − − CarwsmYyénRbB½n§smIkarEdlman)a:ra:Em:t a−  
dUcenHeyIgcaM)ac;EtedaHRsaykñúgkrNI 0a ≥ KWRKb;RKan;. 
]bmafa³ ( )1 2 3; ; ;...; nx x x x Carws 1 2; ;.....; nx a x a x a≤ ≤ ≤  

( );m nx a x a n⇒ − = − − ∀ eyIgbUkGgÁTaMgGs;énRbB½n§eyIg)an³ 

lMhat;TI1³ cUredaHRsayRbB½n§smIkarxageRkam³

            

( )
( )

( )

1 1 1 1 2 2

2 2 2 2 3 3

1 1

.................................................

.................................................

n n n n

x x x a x a x x

x x x a x a x x

x x x a x a x x

⎧ − − − =
⎪

− − − =⎪
⎪
⎨
⎪
⎪
⎪ − − − =⎩

 

        dkRsg;ecjBIkarRblgsisSBUEkGnþrCati 
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( ) ( ) ( )2 2 2
1 2

1 1

2 2

...... 0

0
0

............... ............

................. ............
0

n

n n

x a x a x a

x a x a
x a x a

x a x a

− + − + + − =

− = =⎧ ⎧
⎪ ⎪− = =⎪ ⎪⎪ ⎪⇔ ⇔⎨ ⎨
⎪ ⎪
⎪ ⎪

− = =⎪ ⎪⎩ ⎩

 

ebI ( )1 2; ;....; nx x x CarwsmYyrbs;RbB½n§Edl kx a≥ enaHBIsmIkarTI k  
eyIgman³ ( )1 1k k k k k kx x x a x a x x+ + − − − =  

( )
( ) ( )

2 2
1

2 2 2
1

2 2
1 1

2 ;
k k k k

k k k k k k

k k

x x x a x

x x x a x a x a a x a

x a x a

+

+

+ +

⇒ + − =

⇔ = − − + = − ≥ ≥

⇒ ≥ ⇒ ≥

 

enaHsmPaBekIteLIgeBlEdl 1 2 3 ..... nx x x x a= = = = =  
dUcenHRbB½n§manrws³ 1 2; ;........; ;nx a x a x a x IR= = = ∀ ∈ .  
 
 
 
 
 
                                     
                        
                                    cMelIy 

lMhat;TI2³ cUredaHRsayRbB½n§smIkarxageRkam³

                      
x y z t a
y z t x b
z t x y c
t x y z d

+ + − =⎧
⎪ + + − =⎪
⎨ + + − =⎪
⎪ + + − =⎩

 

                dkRsg;ecjBIkarRblgsisSBUEkevotNam 
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eyIgmanRbB½n§smIkar³
( )
( )
( )
( )

1

2

3

4

x y z t a

y z t x b

z t x y c

t x y z d

+ + − =⎧
⎪

+ + − =⎪
⎨

+ + − =⎪
⎪ + + − =⎩

 

eyIgbUksmIkarTaMgGs;énRbB½n§eyIg)an³ 

                     
( )

( )

2

5
2

x y z t a b c d
a b c dx y z t

+ + + = + + +
+ + +⇔ + + + =

 

eyIgyksmIkar ( ) ( )5 1− enaHeyIg)an³ 

                   
2

2 2

4

a b c d a b c dt a

a b c dt

+ + + − + + += − =

− + + +⇔ =
 

eyIgyksmIkar³ ( ) ( )5 2− enaHeyIg)an³ 

                    
2

2 2

4

a b c d a b c dx b

a b c dx

+ + + − + += − =

− + +⇔ =
 

eyIgyksmIkar³ ( ) ( )5 3− enaHeyIg)an³ 

                 
2

2 2

4

a b c d a b c dy c

a b c dy

+ + + + − += − =

+ − +⇒ =
 

eyIgyksmIkar³ ( ) ( )5 4− enaHeyIg)an³ 



RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³179 

                 
2

2 2

4

a b c d a b c dz d

a b c dz

+ + + + + −= − =

+ + −⇒ =
 

dUcenHeyIg)anRbB½n§smIkarmancMelIy³
4

a b c dx − + +=  

4
a b c dy + − += ;

4
a b c dz + + −= ;

4
a b c dt − + + += . 

 
 
 
 
 
 

cMelIy 
rebobTI1³ 

eyIgmanRbB½n§smIkar³
( )

( )
( )
( )

3 5 3 34 1

2 13 2

2 5 4 36 3

3 8 5 51 4

x y z t

x y z t

x y z t

x y z t

+ + + =⎧
⎪

+ + + =⎪
⎨

+ + + =⎪
⎪ + + + =⎩

 

eyIgyksmIkar³ ( ) ( )4 1− enaHeyIg)an³ 
                            ( )3 2 17 5z t+ =  
eyIgyksmIkar³ ( ) ( )1 2− enaHeyIg)an³ 

lMhat;TI3³ cUredaHRsayRbB½n§smIkarxageRkam³ 

           
( )

( )
( )
( )

3 5 3 34 1

2 13 2

2 5 4 36 3

3 8 5 51 4

x y z t

x y z t

x y z t

x y z t

+ + + =⎧
⎪

+ + + =⎪
⎨

+ + + =⎪
⎪ + + + =⎩

 

        dkRsg;ecjBIlMhat;eRCIserIsevotNam
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                ( )2 3 2 21 6y z t+ + =  
eyIgyksmIkar³ ( ) ( )1 3− enaHeyIg)an³ 
                  ( )2 7y t− = −  
eyIgyksmIkar³ ( ) ( )6 7− enaHeyIg)an³ 
                 ( )3 4 25 8z t+ =  
eyIgyksmIkar³ ( ) ( )5 8− enaHeyIg)an³ 

                  ( )
( )
( )

2 8 4
8 3

7 2

1 1

t t
z

y

x

= ⇒ =
⇒ =

⇒ =

⇒ =

 

dUcenHRbB½n§mancMelIy³ ( ) ( ), , , 1, 2,3, 4x y z t = . 
    rebobTI2³ 

eyIgmanRbB½n§smIkar³
( )

( )
( )
( )

3 5 3 34 1

2 13 2

2 5 4 36 3

3 8 5 51 4

x y z t

x y z t

x y z t

x y z t

+ + + =⎧
⎪

+ + + =⎪
⎨

+ + + =⎪
⎪ + + + =⎩

 

                           
3 5 3 34

2 3 2 21
2

3 2 17

x y z t
y z t

y t
z t

= − − − +⎧
⎪ + + =⎪⇔ ⎨ − = −⎪
⎪ + =⎩
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3 5 3 34
2

17 2
3

2 3 2 21

3 5 3 34
2

17 2
3

4

1
2
3
4

x y z t
y t

tz

y z t

x y z t
y t

tz

t

x
y
z
t

= − − − +⎧
⎪ = −⎪⎪⇔ −⎨ =⎪
⎪

+ + =⎪⎩
= − − − +⎧

⎪ = −⎪⎪⇔ −⎨ =⎪
⎪

=⎪⎩
=⎧

⎪ =⎪⇔ ⎨ =⎪
⎪ =⎩

 

 
 
 
 
     
                cMelIy 
eyIgmanRbB½n§smIkar³

2 2

2 2

2 3 13
4 2 6

x xy y
x xy y

⎧ − +⎪
⎨

+ − −⎪⎩
 

lMhat;TI4³ cUredaHRsayRbB½n§smIkarxageRkam³

                    
2 2

2 2

2 3 13
4 2 6

x xy y
x xy y

⎧ − +⎪
⎨

+ − −⎪⎩
 

      dkRsg;ecjBIlMhat;eRCIserIsevotNam 
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2 2

2 2

1
2

2

1 1

2 2 2 2

3 3

2 2
4 4

4 2 6
14 2 6
28 46 25 0

25
4

2; 12
2; 1

4 2 6
4 25;4

139 139
25 4 25;4 2 6

139 139

x xy y

x xy y t
t t

tyt
x xt y

x yx y
x y

x xy y
x y

x y

x yx xy y

⎧ + + = −
⎧ ⎪

⎡⎪ + − = − ⎪ = −⎢⎪ ⎪
⇔ − − = ⇔ ⎢⎨ ⎨

⎢⎪ ⎪ =⎢⎪ ⎪= ⎣
⎩ ⎪ =⎩

= − =⎡⎡ = −⎧ ⎢ = = −⎢⎨ ⎢+ − = −⎩⎢ ⎢⎢⇔ ⇔ = =⎢⎧⎢ =⎪ ⎢⎢⎨ ⎢⎢⎪ = − = −+ − = − ⎢⎩⎣ ⎣

 

dUcenHRbB½n§mancMelIy³

1 1

2 2

3 3

4 4

2; 1
2; 1

4 25;
139 139

4 25;
139 139

x y
x y

x y

x y

= − =⎡
⎢ = = −⎢
⎢

= =⎢
⎢
⎢

= − = −⎢
⎣

. 

 
 
 
 

 
cMelIy 

lMhat;TI5³ cUredaHRsayRbB½n§smIkarxageRkam³

                   
2 2

3 2 2 3

5
6

x y x y
x x y xy y

⎧ − + − =⎪
⎨

− − + =⎪⎩
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RbCMulMhat;RblgsisSBUEknigGaharrUbkrN¾suT§     kMritx<s; 

manRKb;lMhat;RblgRbECgnanabEnßmRKb;l,icnigviFIsaRsþedaHRsay TMBr½³183 

eyIgmanRbB½n§smIkar³
2 2

3 2 2 3

5
6

x y x y
x x y xy y

⎧ − + − =⎪
⎨

− − + =⎪⎩
 

eyIgtag³ 2 2u x y= − nig t x y= − enaHRbB½n§smIkarxagelIeTACa³ 
5

6
u t
ut

+ =⎧
⎨ =⎩

edayu nig t CaplbUknigplKuNrwsenaHtamEvüteK)an³ 
2

1 25 6 0 2; 3X X X X− + = ⇔ = =  
tamlT§plenHeyIg)antMélénu nig t tamBIrkrNIxageRkam³ 

+ebI
2 2 32

1, 3 2
3 3

x yx y
u t

x y x y

⎧⎧ + =− = ⎪= = ⇒ ⇔⎨ ⎨
− =⎩ ⎪ − =⎩

 

11 7;
6 6

x y⇔ = = −  

+ebI
2 2 33

3; 2 2
2 2

x yx y
u t

x y x y

⎧⎧ + =− = ⎪= = ⇒ ⇔⎨ ⎨
− =⎩ ⎪ − =⎩

 

7 1;
4 4

x y⇔ = = −  
dUcenHRbB½n§smIkarenHmancMelIy 11 7;

6 6
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⎪ + + + + =⎪
⎪ + + + + =⎩

 

eyIgbUkGgÁnigGgÁénsmIkar ( ) ( ) ( ) ( ) ( )1 ; 2 ; 3 ; 4 ; 5 enaHeyIg)an³ 

                           ( )
1 2 3 4 5

1 2 3 4 5

6 6 6 6 6 186
31 6

x x x x x
x x x x x
+ + + + =

⇒ + + + + =
 

dkGgÁnigGgÁénsmIkar³ 

       ( )4 nig ( )6 enaH 4 17x =  

( )5 nig ( )6 enaH 5 65x = enaHeyIg)an³
( ) ( )4 53 2 3 17 2 65 51 130 181x x+ = + = + =  

         dUcenHeyIg)an³ 4 53 2 181x x+ = . 
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                 cMelIy 

eyIgmansmIkar³ 2 2 5 0x x− − = ebI 1 6a = + CarwsénsmIkarenaH a  
RtYvEtepÞogpÞat;smIkar³ 2 2 5 0x x− − = eyIgGacsresr³ 

2 2 5 0x x− − = 2 52 5 2a a a
a

⇔ = + ⇔ = +  

eyIgCMnYstMél 52a
a

= + taMgBIeRkamdl;elIenaHeyIg)an³ 

                   53
a

= +∑ 53
1 6

= +
+

 

lMhat;TI35³ eKmansmIkar³ 2 2 5 0x x− − = .
ebI a CarwsviC¢manmYyénsmIkarcUrKNna³ 
     53 52 52 52 52 52 52 52

a

= +
+

+
+

+
+

+
+

∑  

              dkRsg;ecjBIkarRblgsisSBUEkGnþrCati 
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( )

( )

5 1 6
3

1 6
3 1 6

2 6

−
= +

−
= − −

= +

 

dUcenHeK)an³ 53 52 52 52 52 52 52 52
a

= +
+

+
+

+
+

+
+

∑ = 2 6+ . 

                                 
                                                  
 
 
 
 
 
 
 
                  cMelIy 
smIkarenHmann½ykalNa³ 1 0 1x x+ ≥ ⇔ ≥ −  

lMhat;TI36³ cUredaHRsaysmIkarxageRkam³
          1

2
2

2
2

2
2

1 1

x
x

x
x

x
x

x
x

=
+

+
+

+
+

+
+ +

 

      dkRsg;ecjBIviBaØasaRblgsisSBUEkGnþrCati 
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eyIgBinitü³ ( )2
1 1

2 1 1
1 1 1 1

xx x
x x

+ +
+ = = + +

+ + + +
 

enaHeyIgGacsresr³ 1
1 1

x
x

=
+ +

 

2

1 1
1

0; 3
1 2 1

x x
x

x x
x x x

⇔ + = −
≥⎧

⇔ ⇒ = =⎨
+ = − +⎩

 

          eyIgeXIjkrNI 0x = minepÞogpÞat;eT. 
                   dUcenHsmIkarmanrws³ 3x = . 
   

 
1>cUrsMrYlkenSamxageRkam³ 

2 23 3
6

6 62 2 2 23 3 3 33

1
2

m n mn m nT m
m nm mn n m n

é ùé ù- +ê úê ú= - +ê úê ú-- + - ë ûê úë û
Edl³ , 0m n > ( kULMúb‘Í 1997) 

2>cUrKNnatMéléncMnYnxageRkam³
( ) ( ) ( ) ( ) ( ) ( ) ( )3 3 3 3 3 3 365533 65534 65535 65536 65537 65538 65539

32765.32766 32767.32768 32768.32769 32770.32771
A

+ + + + + +
=

+ + +
 

     (Swedish,1997)  
3>cUredaHRsaysmIkarxageRkam³ 

lMhat;sMrab;RtiHriH
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8 6 4 2 8 6 4 2

8 6 4 2 8 6 4 2
9 84 126 36 1 9 84 126 36 1 0

36 126 84 9 36 126 84 9
x x x x a a a aa x

x x x x a a a a
+ + + + + + + ++ =

+ + + + + + + +
 
     (0lympic, 2003) 

3. cUredaHRsaysmIkarxageRkam³ 
( )( )( )( )1998 1999 2000 2001 1 0x x x x+ + + + + =  
    ( GURsþalI 1998) 

4. cUredaHRsaysmIkarxageRkam³ 
 ( )2 32 2 5 1x x+ = +               

( )2 32 3 2 3 8x x x− + = +  
    (Olympic 2001) 

5. cUredaHRsaysmIkarxageRkamkñúg IN³ 

 
( )

1 1 1 2 2.............
1.2 2.3 1 3 2

x
x x x

+ −+ + + =
+ + −

 
   (0lympic 2003) 

6. cUredaHRsaysmIkarxageRkam³ 
 4 2 2007 2007x x+ + =      ; 

3 4 21 2 4 24 4
2

x x x x= − + −  

 22 15 32 32 20x x x+ = + −  
    ( 0lympic 1999) 

7. cUredaHRsayRbB½n§smIkarxageRkam³ 
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1 2 2004

1 2 2004

20051 1 ... 1 2004.
2004
20031 1 ... 1 2004.
2004

x x x

x x x

⎧
+ + + + + + =⎪⎪

⎨
⎪ − + − + + − =⎪⎩

 

   sisSBUEk12 2004 
8> cUredaHRsaysmIkarxageRkamkñúg IR³ 
            2 28 816 10 267 2003x x x x− + + + + =  
              hugRKI 1983 
9> cUredaHRsaysmIkarxageRkam³ 

             2
2

1 1 22 1 1x x x
x x x

− − − + − + =  ( 0)x ≠ ( 

sisSBUEk12 2007) 

10> cUredaHRsaysmIkarxageRkamkñúgIR³ 
           ( )221 2006 1 2006x x= − −    (GURTIs 1992) 

         
8 7 6 5 4 3 22 9 20 33 46 66 80 72 32 0x x x x x x x x− + − + − + − + =

 

11. cUredaHRsaysmIkarxageRkam³ 
        

( )1 38 2 5 6 3 5 5 0
2 3 2 2

x x x x⎡ ⎤⎛ ⎞ ⎡ ⎤− − + − − + − + =⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎣ ⎦
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        ( )99 1
20 20 20

x mx x m
m

+
+ − = −  

              sisSBUEk 9 2005 
12> cUredaHRsaysmIkarxageRkam³ 

              ( )1 1 1 , 0
1 1

ax bx a b
ax bx

− + = >
+ −

 

              sisSBUEk 12 
13> rkcMnYnKt;viC¢man x nig y EdlCarwsénsmIkar³ 
         2007x y+ =  
       Gg;eKøs 1990 
14> cUredaHRsaysmIkarxageRkam³ 
        2 21 2 3 4 5 30x x x x− − − − − − = + −  
            Swedish 1982 

15. cUredaHRsaysmIkarxageRkam³ 
             ( )4 42 2x x+ + =      ,     

4 3 26 5 38 5 6 0x x x x− − − + =  
                             Canada 1892 

16. edaHRsayRbBn§½¶³ 

                 
( )

( ) ( )

2 4 2 4 2 4

2 3 3 2

3 2 1 2

1 1 2

x y x y x x y

x y x x x y

⎧ + − + − =⎪
⎨
⎪ + + − = − +⎩
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                                         (VN. 1953) 

17. rkRKb;rwsKt;viC¢man³ 
                5 7 50x y+ =  
          b:ULÚj 1990 
18> rkRKb;rwsKt;sniTan³ 
          2 22 2 25x xy y+ + =   
      n½revs 1953 
20> cUredaHRsaysmIkarxageRkam³ 

9 7 5 3 1994 1996 1998 2000
1994 1996 1998 2000 9 7 5 3
x x x x x x x x− − − − − − − −+ + + = + + +

                                          Gg;eKøs 1978 
   
21> ( ) ( )( )2 23 2 9 3 4 2 1 0x x x x x+ + + + + + =  
22>cUredaHRsaysmIkarxageRkam³

( ) ( ) ( )2 2 21 2 2 2 3 1x x x x x x+ + + + + = + +  

23>
2

24356 4356 5x x x x x
x

+ + - + - =  

24> ( ) ( )2 222 1 3 1 1 0nn nx x x+ + - + - =  

25> 2

1 1 1 1 4 2
3 9 9 9x x x

+ = + +  
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26> 3 3 33 3
1 11 1
2 2

x x x x ax+ + + - + - =  

27> ( ) ( )42 2 21 2 1 2 2 1 2 4 1x x x x x x x+ - + - - = - - +  
 
 

cb;edaybribUN_ 
                      sUmGKuN! 
 
 sUmrgcaMGannUvviBaØasaeRCIserIssisSBUEksuT§ Edl 
kñúgenaHmansuT§EtlMhat;l¥²sMrab;³ 

1> RblgenAtamkMrgTUeTA 
2> RblgenAtambNþaextþnigRkugepSg² 
3> RblgsisSBUEkfñak;Cati 
4> RblgGaharrUbkrN¾eTAbreTs 
5> RblgsisSBUEkGnþrCati nig CaBiesssMrab;sM 

nUmBrdl;bNþasisSanusisSCaeRcInEdlmanbMng 
cg;dwgBIkarRblgepSg²enAÉbreTseyIg´nigman 
ecjpSaynUvviBaØasaRblgKNitviTüaGnþrCati 
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EdlkñúgenaHepþatelIkarbkERbesovePArbs;elak 
bNÐit   Vladimir Jankovic sþIBI A Collection of 
Problems Suggested for the International 
Mathematical Olympiads: 1954-2004  

EdlelIkykmkRblgCMuvijBiPBelak .  
dUcenHsUmmitþGñkGan emtþargcaMGanesovePATaMgenH 
CabnþeTot.  
                   sUmGrKuN! 

        
 

    dMNwgl¥sMrab;sisSanusisSEdlBi)akkñúgkareronKNit 
ehIymanbMngcg;køayCasisSBUEkKNitviTüa enaHeyIg´ 
manTTYlbeRgonKYrdl;pÞH EdlepþatelI³ 

1> cMeNHdwgmUldæanfñak;TI10-11-12 
2> viBaØasaeRtomRblgmFümsikSaTutiyPUmi 
3> viBaØasaeRtomRblgsisSBUEk .  

sUmTMnak;TMngTUrsBÞ½³ 089 584 130 
      sUmGrKuN! 

              


